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Abstract. We prove the birational superrigidity and the nonrationality of a cyclic triple 
cover of P 2 ™ branched over a nodal hypersurface of degree 3n for n > 2. In particular, 
the obtained result solves the problem of the birational superrigidity of smooth cyclic 
triple spaces. We also consider certain relevant problems. 



1. Introduction. 

The problem of the rationality of an algebraic variety 1 is one of the most interesting 
problems in algebraic geometry Global holomorphic differential forms are natural bira- 
tional invariants of a smooth algebraic variety that solve the problem ot the rationality 
of algebraic curves and surfaces (see [205 , [100 ). However, even in three-dimensional 
case there are nonrational varieties that are very close to being rational. In particular, 
available discrete invariants does not solve the rationality problem for higher- dimensional 
algebraic varieties. For example, there are nonrational unirational 3-folds (see |103j . [H]), 
which imply that the Liiroth problem in dimension 3 has a negative answer. Unfortu- 
nately, there are no known simple way of proving the nonrationality of higher-dimensional 
rationally connected varieties (see |115j . |101j . |117j ). 

There are few known methods of proving the nonrationality of rationally connected 
varieties. The finiteness of the group of birational automorphisms of a smooth quartic 
3-fold is proved in j!03j . which implies its nonrationality. The nonrationality of a smooth 
cubic 3-fold is proved in [IB] through the study of its intermediate Jacobian. The bira- 
tional invariance of the torsion subgroup of a group if 3 (Z) is used in jS] to prove the 
nonrationality of certain unirational conic bundles. The nonrationality of a wide class of 
rationally connected varieties is proved in |114j by means of the reduction into the positive 
characteristic (see [E], [HS] . [HE]). 

Every methods of proving the nonrationality of an algebraic variety has advantages 
and disadvantages. For example, the method of the intermediate Jacobian can be applied 
only to 3-folds, and except a single csee (see [JH2], HE3], EH, QBZ|, E3) only 

to 3-folds fibered into conies (see |191j . |192j . [TU] . |193j ). On the other hand, in the 
three-dimensional case the method of the intermediate Jacobian can be often when all 
other methods simply can not be used. The degeneration method (see [TU], |193j . |4"5j . [3, 
|38j . jlUj) shows that sometimes the Griffiths component of the intermediate Jacobian is 
the most subtle three-dimensional birational invariant. For example, an important case 
of the rationality criterion of a three-dimensional conic bundle (see (HE], [H3, EE], jHH!) is 
proved in |172j using the intermediate Jacobian method. However, there are nonrational 
3-folds whose group if 3 (Z) is trivial (see |169j ). In many interesting cases, for example, 
for smooth complete intersections, the group i7 3 (Z) has no torsion and, therefore, the 
method of [HJ can not be applied (see jlH], |144j ). The method of |l!4j works in any 
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1 A11 vareities are assumed to be projective, normal and defined over C. 
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dimension, but it proves the nonrationality of a very general element of an appropriate 
family. The technique of |lU3j also works in any dimension (see |156j ). but in general it 
can be applied only to varieties that stand too far from the rational ones. For example, it 
is hard to believe that one can use the technique of [103J to get an example of a smooth 
deformation of a nonrational variety into a rational one (see |193j ). The latter example 
is expected to exist in dimension greater than 3 (see |189j . |190j . [So] . |57j). 

Let us consider the following notion, which is implicitly introduced in the paper |lU3j . 
but historically it goes back to the classical papers |138j . p3j . [70] . but its modern form is 
considered relatively recently (see j^lj, |lb3| ). Note that the class of terminal singularities 
is a higher- dimensional generalization of smooth points of algebraic surfaces that is closed 
with respect to the good birational maps (see |113j ). The Q-factoriality simply means 
that a multiple of every Weil divisor on a variety is a Cartier divisor. In particular, every 
smooth variety has terminal Q-factorial singularities. 

Definition 1. A terminal Q-factorial Fano variety V with Pic(V) = Z is birationally 
superrigid if the following 3 conditions hold: 

(1) the variety V is not birational to a fibration 2 , whose 
generic fiber is a smooth variety of Kodaira dimension — oo; 

(2) the variety V is not birational to a Q-factorial terminal Fano variety 
with Picard group Z that is not biregular to V; 

(3) Bir(V) = Aut(V). 

The paper |lU3j contains an implicit proof that every smooth quartic 3-fold in P 4 is 
birationally superrigid (see j53]). The technique of |lU3j can be applied to certain Fano 
3-folds with non-trivial group of birational automorphisms (see |95J). Therefore one can 
consider the following weakened version of the birational superrigidity. 

Definition 2. A terminal Q-factorial Fano variety V with Pic(V) = Z is called biratio- 
nally rigid if the first two conditions of Definition ^ are satisfied. 

Birationally rigid varieties are nonrational. In particular, there are no birationally 
rigid del Pezzo surfaces defined over an algebraically closed field. However, there are 
birationally rigid del Pezzo surfaces over an algebraically non-closed field (see jlOOj ). 
Namely, the results of [130] and |131j imply the birational superrigidity of smooth del 
Pezzo surfaces of degree 1 and the birational rigidity of smooth del Pezzo surfaces of 
degree 2 and 3 that are defined over a perfect algebraically non-closed field and have 
Picard group Z. In particular, minimal smooth cubic surfaces in P 3 are birationally 
equivalent if and only if they are projectively equivalent (see |132j ). 

The birational rigidity and superrigidity can be defined for a fibration into Fano varieties 
as well (see |163j ). To be precise, the birational rigidity and superrigidity can be 
defined for Mori fibrations (see [25] )■ Today the birational rigidity is proved for many 
smooth 3-folds (see [HH], |168j . |15Uj . |54j). for many smooth varieties whose dimension 
is greater than 3 (see 052], [US], [m, [GH], j23, PS], [H3|, [US], |E2|, PH], H53|, 
HE9, ESDI, C3, Hi D52), and for many singular varieties (see [HTj, [HI], jSH], EH, 
|133j . |161j . [32], IS])- For some birationally nonrigid algebraic varieties it is possible 
to find all Mori fibrations birational to them (see [77j, [SS], |8Uj . [HTj). Unfortunately, 
despite the obvious success in this area of algebraic geometry there are many still unsolved 
relevant classical problems such as finding the generators of the group Bir(P 3 ) or finding 

2 For every fibration r : Y — > Z we assume that dim(Y) > dim(Z) ^ and r*(CV) = Oz- 
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the generators of the group of birational automorphisms of a smooth cubic 3-fold. The 
solution of the latter problem is announced in the classical paper |7U] . but the proof 
contains many gaps. 

In the given paper we will prove the following result. 

Theorem 3. Let n : X — > P 2n be a cyclic triple cover 3 such that ir is branched over a 
hypersurface S C P 2n of degree 3n, n > 2 and the hypersurface S has at most ordinary 
double points. Then X is a terminal Q-factorial Fano variety with Pic(X) = Z such 
that X is birationally superrigid, the group Bir(X) is finite and for sufficiently general 
hypersurface S C P 2n it is isomorphic to Z 3 . In particular, the variety X is nonrational. 

Remark 4. Under the conditions of Theorem El the variety X can be considered as a hy- 
persurface in the weighted projective space P(l 2n+ , n) of degree 3n given by the equation 

V 3 = Mx Q} x 2n ) C P(l 2n+1 , n) = Proj(C[x , . . . , x 2n , y}), 

where f 3n is a homogenesous polynomial of degree 3n (see |135j . [7ij . |178j . |179j . |181j ). 

and 7r : X — > P 2n is a restriction of the natural projection P(l 2n+1 ,n) ---» P 2n induced by 
the embedding of the graded algebras C[x , . . . ,x 2n ] C C[x , . . . ,x 2 n,y}- Moreover, the 
hypersurface S C P 2 " is given by the equation f3 n (x , . . . , x 2n ) = 0. 

Remark 5. Consider a cyclic triple cover it : X -> F k such that 7r is branched over a nodal 
hypersurface S C P fc of degree 3n and k > 3. Then X is not birationally superrigid in the 
case when k < 2n, because it has pencils of varieties of Kodaira dimension — oo. On the 
other hand, the Kodaira dimension of the variety X is non-negative when k > 2n and the 
variety X is not even uniruled in this case. Therefore, all birationally superrigid smooth 
cyclic triple covers are described by Theorem |HJ 

Corollary 6. Let f(xo, . . . , x 2n ) be a homogeneous polynomial of degree 3n such that 

f(x , • • . ,x 2n ) = C P 2n = Proj(C[x , . . .,x 2n }) 

is a nodal or smooth hypersurface. Then C(ui, . . . , u 2n ) y/ /(l, z/ 1; . . . , v 2n ) is a purely tran- 
scendental extension of the field C if and only if the equality n = 1 holds. 

Example 7. Let X be a hypersurface in P(l 2ri+1 , n) of degree 3n whose equation is 

2n 

y 3 = J]xfc P(l 2 " +1 ,n) = Proj(C[a:o, . . .,x 2n ,y}), 

i=0 

and n > 2. Then the projection tc : X — > P 2n = Proj(C[xo, . . . ,x 2n ]) is a cyclic triple 
cover branched over a smooth hypersurface ^^qX 311 = 0, the variety X is birationally 
superrigid by Theorem El and 

In 

Bir(X) = Aut(X) = Z 3 © Aut(^ x 3n = 0) = Z 3 ® (Z 2 ™ x S 2n+1 ), 

i=0 

where S 2n +i is a symmetric group (see |198j . |17Uj . |171j . |123j ). Hence X is nonrational 
and C(vi, . . . , v 2n ) y 1 + Y^=i v f n 1S n °t a purely transcendental extension of C. 



3 A finite morphism of degree 3 that induces the cyclic extension of the fields of rational functions. 
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Example 8. Let X be a hypersurface P(l 2n+1 ,n) of degree 3n whose equation is 

n 

y 3 = J2 a ^ • • • > *2n)a* C P(l 2n+1 , n) = Proj(C[x , • • • , x 2n , y]), 

i=l 

where a« is a sufficiently general homogeneous polynomial of degree 3n — 1. Then the 
natural projection it : X — > P 2 ™ is a cyclic triple cover such that 7r is branched over a 
nodal hypersurface 5 C P 2n of degree 3n, which is given by the equation 

n 

a&i = C P 2n Proj (C[x , . . . , x 2n ] ) 

i=l 

and which has (3n — l) n ordinary double points. The variety X is birationally superrigid 
and nonrational for n > 2 by Theorem El and the group Bir(X) is finite. 

Example 9. Let X be a hypersurface in P(l 2n+1 ,n) of degree 3n whose equation is 

n 

V 3 = ^aj(x , • • .,x 2 n)bi(x , . . .,x 2n ) C P(l 2n+1 ,n) ^ Proj(C[x , . . .,x 2n ,y)), 

i=l 

where cij and hi are sufficiently general homogeneous polynomials of degree In and n 
respectively. Then the natural projection tt : X — > P 2n is a cyclic triple cover branched 
over a nodal hypersurface 5 C P 2n of degree 3n having 2 n n 2n ordinary double points, the 
variety X is birationally superrigid and nonrational for n > 2 by Theorem 01 and the 
group Bir(X) is finite. 

The main reason why the variety X in Theorem El is birationally superrigid is the 
following: the anticanonical degree (-Kx) d[mix) = 3 of the variety X is very small and the 
singularities of the variety X are relatively mild. Roughly speaking, a Fano variety must 
become more rational when the anticanonical degree getting bigger and the singularities 
getting worse. This general principle may not necessary be true in certain extremely 
singular cases (see However, it follows from the classification that a smooth Fano 

3-fold is rational if its degree is bigger than 24 (see [104J). Singular Fano 3-folds are not 
classified even in the case when their anticanonical divisors are Cartier divisors (see [2*o] . 
|142j . |lU7j ). but many examples affirm the intuition in the singular case as well (see [q"o] . 
|55j . |24j . |3o] . |4*U] . [12]) ■ Therefore the nonrationality of the variety X in Theorem El is 
very natural. 

Due to natural reasons, it makes sense to consider birational superrigidity and birational 
rigidity only for Mori fibrations (see [53J. In particular, in the case of Fano varieties 
we must assume that for a given Fano variety its singularities are Q-factorial and its 
rank of the Picard group is 1. Many examples suggest that a Fano variety may not 
be birationally rigid if its degree is not sufficiently small. Moreover, it is intuitively 
clear the quantitive characteristics of singularities (number of isolated singular points or 
anticanonical degree of the corresponding subvarieties of singular points) is important only 
to provide the Q-factoriality condition (see jSS], |133j . |4*2] . [4*0] , |4*Tj). On the other hand, 
the qualitative characteristics of singularities (multiplicity and analytical local type) can 
crucially influence the birational geometry of a Fano variety (see [S3], [53]). 

Unfortunately, all existent proofs of the birational rigidity or birational superrigidity of 
a Fano variety crucially depend on the projective geometry of the given variety related to 
the anticanonical map. It is natural to expect that some claims on birational rigidity can 
be proven without implicit usage of the properties of the anticanonical ring. For example, 
we expect that the following is true (cf. |158j . [72]). 
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Conjecture 10. Let X be a smooth Fan variety of dimension k such that Pic(X) = Z 
and (—Kx) k < 2(k — 1). Then X is birationally rigid. 

It should be pointed out that Conjecture [TU] is proved only in dimension 3 through the 
explicit classification of smooth Fano 3-folds (sec [104 ). It is very possible that the proof 
of Conjecture El can be extremely hard. On the other hand, it is very natural to expect 
that the following weakened version of the Conjecture El can be proved relatively soon 
using methods of [Ml, [E2], [TT2] . 

Conjecture 11. Let X be a smooth Fano variety of dimension k such that Pic(X) = Z 
and (—Kx) k = 1. Then X is birationally superrigid. 

Remark 12. It is well known that any statement on birational rigidity remains true over 
any field of definition of the considered varieties with a single exception. Namely, the 
characteristic of the field of definition must be zero in order to use the Kawamata-Viehweg 
vanishing theorem (see |lllj . |195j ). However, in the case of algebraic surfaces it is enough 
to assume that the field of definition is just perfect (see [130 , |131j ). Moreover, one can 
consider equivariant version of any statement on birational rigidity when the acting group 
if finite (see [Hill, CS, [HE]). The latter can be used in classification of all nonconjugate 
finite subgroups of corresponding groups of birational automorphisms (see [102]). 

It should be pointed out that the nonrationality and the non-ruledness of a cyclic triple 
cover of P 2n branched over a very general 4 smooth hypersurface of degree 3n with n > 2 
are implied by Theorem 5.13 in |115j that claims the following. 

Theorem 13. Let £ : V — * P fc be a cyclic cover of prime degree p > 2 branched over a 
very general hypersurface F C ¥ k of degree pd such that k > 3 and d > ^y- . Then V is 
nonruled and, in particular, the variety V is nonrational. 

In the conditions and notations of Theorem El it is natural to ask how many singular 
points can X have. The singular points of the variety X are in one-to-one correspondence 
with oddinary double points of the hypersurface S C P 2n of degree 3n. Therefore, the best 
known bound is due to (194] . Namely, the number of singular points of X does not exceed 
the Arnold number A2 n (3n), where A2„(3n) is a number of points (fti, . . . , a2n) C Z 2 " 
such that the inequalities 

2n 

3n 2 - 3n + 2 < a* < 3n 2 

i=l 

hold and ai G (0,3n). In particular, the number of singular points of the variety X does 
not exceed 320, 115788 and 85578174 when n = 2, 3 and 4 respectively. However, this 
bound seems not to be sharp for n > (see Q2], [175], [E], [T77j, [S], [101, DM- 

Remark 14 . It is well known that the variety X in Theorem |3] is a rationally connected 
variety (see |120j . |122j . |122j . jl 15j ) . Namely, there is an irreducible rational curve on 
the variety X passing through any two sufficiently general points of X. 

The geometrical meaning of Theorem |3] has the same nature as the Noether theorem 
that claims that the group Bir(A) is generated by the Cremona involution and projective 
automorphisms (see |138j . [53] , [33*]). The Noether theorem is related to many interesting 
problems. For example, the Noether theorem is related to the problem of birational 
classification of plane elliptic pencils. Originally it was considered in JT], but later the 

A complement to a countable union of Zariski dense subsets in moduli. 
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ideas of [H] were put into proper and correct form in the paper [BO] that proves that any 
plane elliptic pencil can be birationally transformed into a special plane elliptic pencil, 
so-called Halphen pencil (see §5.6 in [57]), which was studied in |83j. A similar problem 
can be considered for the variety X in Theorem El Namely, we prove the following result. 

Theorem 15. Under the conditions of Theorem^ the variety X is not birational to any 
elliptic fibration. 

Birational transformations into elliptic fibrations were used in [T3], ^3], 1H3J in the proof 
of the potential density 5 of rational points on smooth Fano 3-folds, where the following 
result was proved. 

Theorem 16. Rational points are potentially dense on all smooth Fano 3-folds with a 
possible exception of a double cover off 3 ramified in a smooth sextic surface. 

The existence of a possible exception in Theorem ITol is explained by the following result 
proved in |2E! : a smooth sextic double solid is the only smooth Fano 3- fold that is not 
birationally isomorphic to an elliptic fibration (see |l(J4j ) . It should be pointed out that 
a double cover of P 3 branched over a sextic having one ordinary double point can be 
birationally transformed into an elliptic fibration in a unique way (see [SU]) and rational 
points on such 3- fold are potentially dense (see [32]). 

Remark 17. Let tc : X — > P 4 be a cyclic triple cover such that it is branched over a 
hyper surf ace S C P 4 of degree 6, n > 2, and S has one ordinary singular point O G S of 
multiplicity 3. Then the projection 7 : P 4 P 3 from O induces a rational map 7 o tc 
such that the normalization of the generic fiber of 7 o tt is an elliptic curve. In particular, 
the variety X does not satisfy the conditions of Theorem E] Namely, S is not nodal. 

The nodality condition in Theorems El and El is rather natural. Indeed, ordinary 
double points are the simplest singularities of algebraic varieties and the geometry of 
nodal varieties is related to many interesting problems (see [186], ]3B], [Z3], |2UU| . [108J, 
[To] . |141j . [58] . jM], [SH])- However, we can consider a wider class of singularities in the 
problems similar to the claim of Theorems El The proofs of Theorems El and El together 
with the inequality for global log canonical thresholds (see [3T], j33], [B3]) give a proof of 
the following simple generalization of Theorems El and El 

Theorem 18. Let it : X — > P 2 " be a cyclic triple cover such that n is branched over a 
hypersurface S C P 2n of degree 3n, n > 2 and the only singularities of S are ordinary 
double and triple points. Namely, the multiplicity of any singular point of S does not 
exceed 3 and the projectivization of the tangent cone to the hypersurface S at this point is 
smooth. Then X is a Fano variety with Q-factorial terminal singularities, Pic(X) = Z 7 
the variety X is birationally superrigid, and the group Bir(X) is finite. Moreover, the only 
way to birationally transform X into an elliptic fibration is by means of the construction 
in Remark\Pl[ which implies n = 2 and S has a triple point. 

Therefore, it follows from Theorem El that the methods of [HJ, ^3], [HI] can not be 
used to prove the potential density of rational points on the variety X in Theorem El in 
the case when the variety X is defined over a number field, with a single exception of a 
cyclic triple cover of P 4 branched over a hypersurface of degree 6 having at least one triple 
point. It should be pointed out that the geometrical unirationality of a variety defined 

5 The set of rational points of a variety V defined over a number field F is called potentially dense if 
for a finite extension of fields K/F the set of K-rational points of the variety V is Zariski dense. 
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over a number field implies the potential density of rational points. Therefore, if rational 
points are not potentially dense on some of the considered cyclic triple covers, then it 
is rationally connected but not unirational! On the other hand, as of today there is no 
known example of a rationally connected variety that is not unirational (cf. Conjecture 
4.1.6 in |117j ). Therefore, it is natural to expect that the methods of [T2|, [IE] and [El] can 
be applied to prove potential density of rational points of a cyclic triple cover of P 4 which 
is defined over a number field and branched over a hypersurface of degree 6 having at 
least one singular point of multiplicity 3. We will prove the this statement in the general 
case only. Namely, we will prove the following result using the method of [H|, ^5], [HI]- 

Theorem 19. Let ir : X —>■ P 4 be a cyclic triple cover branched over a sufficiently general 6 
hypersurface S C P 4 of degree 6 such that S is defined over a number field and S has an 
ordinary triple point. Then rational points are potentially dense on X . 

Actually, our methods can be used to prove the following result. Let us remind that 
canonical singularities are higher-dimensional generalization of Du Val singularities of 
algebraic surfaces (see |113j ). 

Theorem 20. Under the conditions of Theorem^ or Theorem \18l let p : X --- > V be a 

birational map such that V is a Fano variety with canonical singularities. Then p is an 
isomorphism. 

The claim of Theorem QUI is a generalization of one of the claims of Theorem[El However, 
we think that Theorem [201 has certain importance. For example, the similar claim for 
smooth minimal cubic surfaces defined over an algebraically non-closed field (see |28j ) 
generalizes the classical birational classification (see ^32 ) in the following way: a smooth 
minimal cubic surface in P 3 is birational to a cubic surface in P 3 with Du Val singularities 
if and only if they are projectively equivalent. Moreover, the expanded version of the 
latter claim (see (2BJ) gives a description of all finite subgroups of the group of birational 
automorphisms of a smooth minimal cubic surface (see [EH]), which answers Question 1.10 
in the book |132| . The latter problem was originally solved in [109J by group-theoretic 
methods using the the explicit description of the group of birational automorphisms of a 
smooth minimal cubic surface obtained in |131| and [132 . 

Remark 21. The claims similar to Theorems ITB1 and I2"U1 are proved for many algebraic 

varieties (see [21, [21], [21], [EH], CHS], [E2], [EE], [El, [EI], [E3, E£2|)- 

Double covers of projective spaces are generalizations of hyperelliptic curves, triple 
covers of projective spaces are generalizations of trigonal curves. However, triple covers 
are not necessary Galois covers. The study of discrete invariants of cyclic covers of P 2 goes 
back to |52], [202], [20E], which was continued in the papers {TUB, [123, EHZ], CHE], [20] 
and |124j . Certain questions related to triple covers of algebraic surfaces were considered 
in |187j . |178j . |179j . The topological questions related to covers of projective spaces were 
considered in |127j and [75] . Structural results related to triple covers were obtained in 
|135j . [74] . |139j . [21], |18Uj . |181j . [53] . Some results of sporadic nature were obtained 
in |197j . |14Uj . |129j . In the framework of birational geometry triple covers of projective 
spaces were considered in |125j and |126j . The nonrationality of general cyclic covers of 
projective spaces were considered in |115j (see Theorem HE]) . 



6 A complement to a Zariski closed subset in moduli. 
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2. Movable log pairs. 



In this section we will consider properties of so-called movable log pairs that were 
introduced in 0. Movable log pair were used implicitly in |138j . jo^] . [70] . |103j . 

Definition 22. A movable log pair (X, Mx) is pair consisting of a variety X and a 
movable boundary Mx, where Mx = Y17=i a iM-i is a formal finite linear combination of 
linear systems M.i on variety X such that the base locus of every A4i has codimension at 
least 2 in X and a, £ Q>o- 

It is clear that every movable log pair can be considered as a usual log pair with 
an effective boundary whose components does not have multiplicities greater than 1 by 
replacing every linear system either by its general element or by the appropriate weighted 
sum of its general elements. In particular, for a given movable log pair (X, Mx) we may 
consider movable boundary Mx as an effective divisor. Thus the numerical intersection of 
the movable boundary Mx with curves on the variety X is well defined in the case when 
the variety X is Q-f actor ial. Hence we can consider the formal sum Kx + Mx as a log 
canonical divisor of the movable log pair (X, Mx). In the rest of this section we assume 
that all log canonical divisors are Q-Cartier divisors. 

Remark 23. For a movable log pair (X, Mx) the self- intersection M\ can be considered 
as a well-defined effective codimension-two cycle in the case when the singularities of the 
variety X are Q-f actor ial. 

The image of a movable boundary under a birational map is naturally well defined, 
because base loci of the components of a movable boundary do not contain divisors. 

Definition 24. Movable log pairs (X, Mx) and (Y, My) are called birationally equivalent 
if there is a birational map p : X — ■*■ Y such that My = p(Mx)- 

The standard notions such as discrepancies, terminality, canonicity, log terminality and 
log canonicity can be defined for movable log pairs in a similar way as they are defined 
for usual log pairs (see |113j ). 

Definition 25. A movable log pair (X, Mx) has canonical (terminal respectively) singu- 
larities if for every birational morphism / : W — *■ X there is an equivalence 

n 

K w + f-\M x ) ~q f*(K x + M x ) + Ys M x> E^Ei 

i=i 

such that every rational number a(X,Mx,Ei) is non-negative (positive respectively), 
where Ei is an /-exceptional divisor. The rational number a(X, Bx, Ei) is called a dis- 
crepancy of the movable log pair (X, Bx) in the /-exceptional divisor Ei. 

Example 26. Let X be a 3-fold and M. be a linear system on X such that the base 
locus of the linear system M. has codimension at least 2. Then the log pair (X,A4) has 
terminal singularities if and only if the linear system M. has only isolated simple base 
points, which are smooth points of the 3-fold X. 

Remark 27. The application of Log Minimal Model Program (see |113j ) to a movable 
log pair having canonical or terminal singularities preserves the canonicity or terminality 
respectively. 
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Singularities of a movable log pair coincide with the singularities of the variety outside 
of the base loci of the components of the movable boundary. Therefore the existence of 
a resolution of singularities (see [21]) implies that every movable log pair is birationally 
equivalent to a log pair with canonical or terminal singularities. 

Definition 28. A proper irreducible subvariety Y C X is called a center of canonical 
singularities of a movable log pair (X, Mx) if there is a birational morphism / : W — > X 
and an /-exceptional divisor E\ C W such that 

k 

K w + r\M x ) ~q f*(K x + M X ) + J2 M x, E,)E h 

i=l 

where a(X,M x ,Ei) e Q, E { is an /-exceptional divisor, a(X,M z ,£ 1 ) < 0, f(E{) = Y. 

Definition 29. The set CS(X, M x ) is a set of all centers of canonical singularities of 
a movable log pair (X, M x ) and CS(X, M x ) is a set-theoretic union of all centers of 
canonical singularities of the movable log pair (X, M x ). 

In particular, a log pair (X, M x ) is terminal if and only if C§(X, M x ) = 0. 

Remark 30. Let (X, M x ) be a log pair with terminal singularities. Then the singularities 
of the log pair (X, eM x ) are terminal for any small enough rational number e > 1. 

Remark 31. Let (X, M x ) be a movable log pair and Z C X be a proper irreducible sub- 
variety such that X is smooth at the generic point of the subvariety Z. Then elementary 
properties of blow ups imply 

Z e CS(X, M x ) => waltz(Mx) > 1 

and in the case codim(Z C X) = 2 we have mvlt z {M x ) > 1 => Z e C§(X, M x ). 

Remark 32. Let (X, M x ) be a movable log pair, if be a general hyperplane section of the 
variety X, and Z G C§(X, M x ) such that dim(Z) > 1. Then ZnH e CS(H, M X \ H ). 

Definition 33. For a movable log pair (X,M X ) consider any birationally equivalent 
movable log pair (W, My/) such that its singularities are canonical. Let m be a natural 
number such that m(Kw + Myy) is a Cartier divisor. The Kodaira dimension k(X, M x ) of 
the log pair (X, M x ) is the maximal dimension of the image (fi\ n m(K w +M w )\(W) for n ^ 
in the case when \n(Kw + Mw)| is not empty for some n. In the case when complete 
linear systems \n(K\y + Mw)\ are empty for all n ^> we simply put k(X, M x ) = — oo. 

Lemma 34. The Kodaira dimension of a movable log pair is well-defined, namely, it does 
not depend on the choice of the birationally equivalent movable log pair having canonical 
singularities in Definition\3c\ 

Proof. Let (X, M x ) and (Y, My) be movable log pairs having canonical singularities such 
that we have M x = p(My) for some birational map p : Y ---» X. Take positive integer 
m such that m{K x + M x ) and m{K Y + My) are Cartier divisors. To conclude the claim 
it is enough to show that 4>\ nm (K x +M x )\(X) = 4>\ nm {K Y +M Y )\(X) for n > or 

\nm(K x + M x )\ = \nm(K Y + M Y ) \ = for all n E N. 

Let us consider a commutative diagram 

W 

f 

X-------Y 
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such that W is smooth, g : W — *> X and / : W —>Y are birational morphisms. Then 

K w + M w ~q g*(K x + M x ) + E x ~ Q /*(tf y + My) + Ey, 

where Mjy = g _1 (Mx), Ex and Ey are exceptional divisors of g and / respectively. 

The canonicity of log pairs (X, Mx) and (Y, My) implies the effectiveness of the excep- 
tional divisors Ex and Ey. However, the effectiveness of Ex and Ey implies that 

dim(|Ara(tf w + M w )\) = dim{\g*{km{K x + M x ))\) = dim{\ f*{km{K Y + M Y ))\) 

for k 3> if they are not empty and 

4>\kra(K w +M w )\ = 4>\g*(km(K x +M x ))\ = <f>\f*(km(K Y +My))\, 

which implies the claim. □ 

By definition, the Kodaira dimension of a movable log pair is a birational invariant and 
a non- decreasing function of the coefficients of the movable boundary. 

Definition 35. For a given movable log pair (X,Mx), a movable log pair (V, My) is 
called a canonical model of (X, Mx) if My = ip(Mx) for a birational map ip : X V, 
the divisor Ky + My is ample, and singularities of (V, My) are canonical. 

The given definition of a canonical model of a movable log pair coincide with the classical 
definition of a canonical model in the case of empty boundary (see |lf 3j ). The existence 
of the canonical model of a movable log pair implies that its Kodaira dimension equals to 
the dimension of the variety. 

Lemma 36. A canonical model of a movable log pair is unique if it exists. 

Proof. Let (X, M x ) and (V, My) be canonical models such that M x = p(My) for a 
birational map p : V X. Consider a commutative diagram 

W 





X-------Y 

such that W is smooth, g : W — > X and / : W — ► Y are birational morphisms. Then 
K w + M w ~q g*{K x + M x ) + S x ~ Q /*(K y + My) + Ey, 

where Mw = 9~ X {M X ), Ex and Ey are exceptional divisors of g and / respectively. Then 

K w + M w ~q g*(K x + M x ) + E x ~q f^y + M v ) + Ey, 

where M w = g^(M x ) = / _1 (My), and E x and Ey are the exceptional divisors of 
birational morphisms g and / respectively. The canonicity of the singularities of the 
movable log pairs (X, M x ) and (V, My) implies that Ex and Ey are effective. 

Let n G N be a big and divisible enough number such that n(Kw + Mw), n(K x + Mx) 
and n(Ky + My) are Cartier divisors. Then the effectiveness of Ex and Ey implies 

4>\n(K w +M w )\ = 4>\g*(n(K x +M x ))\ = <f>\f*(n(K v +M v ))\ 

and p is an isomorphism, because K x + M x and Ky + My are ample. □ 
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In the case of empty movable boundary the claim of Lemma EH1 about the uniqueness 
of a canonical modal of an algebraic variety is well known. The latter implies that all 
birational automorphisms of a canonical model are biregular. However, the absence of 
non-biregular birational automorphisms is also a property of a birationally superrigid 
variety (see Definition ^) . We show later that Lemma 13*61 explains the geometrical nature 
of this phenomenon in the both cases. In the case of a birationally rigid varieties LemmalSTH 
is nothing but a veiled Noether-Fano-Iskovskikh inequality (see [156 ). 

3. Preliminary results. 

Properties of movable log pairs (see Definition reflects birational geometry of a 
given variety (see Lemma l3l)j) . Canonical and terminal singularities are most appropriate 
classes of singularities for movable log pairs (see Remark 127)). Many geometrical problems 
can be translated into the language of movable log pairs. Movable log pair always can be 
considered as usual log pairs, and movable boundaries always can be considered as effective 
divisors. On the other hand, we can consider log pairs with both movable and fixed 
components (linear systems can have both movable and fixed parts). Moreover, we can 
consider log pairs with negative coefficients s well. We must consider such generalizations 
due to several reasons. 

For a movable log pair (X, Mx) and birational morphism / : V — > X, the birationally 
equivalent log pair (V, My) does not reflect the properties of the log pair (X,Mj), but 
the log-pullback (see Definition I37|) of the log pair (X, M x ) reflects the properties of the 
log pair (X, Mx)- However, the log pull back (V, M v ) of the movable log pair (X, Mx) is 
not necessary a movable log pair and M v is not necessary an effective divisor. This is the 
first reason to consider log pairs with both fixed and movable components and possibly 
negative coefficients. 

Canonical singularities and centers of canonical singularities (see Definition I25j) do not 
have good functorial properties when considered apart from the birational context, but 
log canonical singularities and centers of log canonical singularities (see Definition l3*Hj) 
have good functorial properties, and they role in the modern algebraic geometry is very 
important (see |JT3], P23, PH, BUI], EH, EH!, [HE], Log canonical singula- 

rities and canonical singularities are related mostly through the log adjunction (see j^lj 
and Theorem 149)) . but also through other ways (see |158j ). However, log adjunction for 
movable log pair can lead to a non-movable log pair. This is another reason to consider 
log pairs with both fixed and movable components. 

In this section we do not impose any restrictions on boundaries. In particular, bound- 
aries may not be effective unless otherwise stated. For simplicity, we assume that log 
canonical divisors of all log pairs are Q-Cartier divisors. 

Definition 37. A log pair (V, B v ) is called a log pull back of a log pair (X, Bx) with 
respect to a birational morphism / : V — > X if we have 

n 

B v = r\B x ) -^2a{X,B x ,Ei)Ei 

i=l 

such that the equivalence Ky + B v ~q f*{K x + Bx) holds, where E{ is an /-exceptional 
divisor and a(X, B x , Ej) G Q. The rational number a(X, Bx, Ej) is called a discrepancy 
of the log pair (X, Bx) in the /-exceptional divisor Ei. 
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Definition 38. A proper irreducible subvariety Y C X is called a center of log canonical 
singularities of the log pair (X, Bx) if there are a birational morphism / : V — > X and a 
not necessary /-exceptional divisor E C V such that E is contained in the effective part 
of the support of the divisor \_B V J and f(E) = Y. 

Definition 39. The set of centers of log canonical singularities of the log pair (X, Bx) is 
denoted as LCS>(X, Bx)- The set-theoretic union of all elements in LCS(X, Bx) is called 
a locus of log canonical singularities of the log pair (X, Bx), it is denoted as LCS(X, Bx)- 

Remark 40. Let H be a general hyperplane section of X and Z G LC§(X, Bx) such that 
the inequality dim(Z) > 1 holds. Then Z n H G LC§(F, B X \ H ). 

Let X be a variety and Bx = Y^=i a i^i be a boundary on X, where <2j is a rational 
number and Bi is a prime divisor on X. Let / : V — > X be a birational morphism such 
that V is smooth and the union all /-exceptional divisors and U™ =1 / _1 (i?j) forms a divisor 
with simple normal crossing. The morphism / is called is called a log resolution of the 
log pair (X, Bx)- Then the equivalence 

K Y + B Y ~q f*(Kx + B x ) 
holds, where (Y, B Y ) is a log pull back of the log pair (X, B x )- 

Definition 41. Let X{X,B X ) = f*(O v {\-B v ])). Then the subscheme £{X,B X ) asso- 
ciated to the ideal sheaf Z(X, Bx) is called a log canonical singularity subscheme of the 
log pair (X, B x )- 

Note, that by definition we have Supp(£(X, Bx)) = LCS(X, Bx) C X. The following 
result is the Shokurov vanishing theorem (see |173j . jSj). 

Theorem 42. Let (X, fre a log pair, and H be a nef and big divisor on X such that 
the boundary Bx is effective, and D = Kx + Bx + H is a Cartier divisor. Then the 
cohomology group H l (X,I(X, Bx) <8> D) vanishes for i > 0. 

Proof. Let / : W — > X be a log resolution of (X, B x )- Then 

R l Uf*(Kx + B X + H)+ \-B w ]) = 

for i > by the Kawamata-Viehweg vanishing (see |195j . |113j ). The degeneration 

of the local-to-global spectral sequence and 

R Q W*(K X + B X + H)+ \-B w ] ) = J(X, B X )®D 

imply that for all i > we have 

H\X,1(X, B x ) ® D) = H\W, f*(K x + B x + H) + \-B w ]), 

but WiW, f*(K x +B x +H) + \-B w ] ) = for i > by the Kawamata-Viehweg vanishing. 

□ 

Consider the following two application of Theorem 021 which are special cases of a more 
general result in [^1] (see [IS], [EI], [T2]). 

Lemma 43. Let V = P 1 x P 1 and By be an effective boundary on V of bi-degree (a, b) 
such that a and be Qn [0, 1). Then hCS(V, B v ) = 0. 
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Proof. Let By = Yli=i a i^i, where a, is a positive rational number, and E>i is an irreducible 
reduced curve on the surface V. Intersecting the boundary By with the rulings of V we 
get the inequality <Zj < 1. Thus the set LCS(V, By) does not contains curves on V. 

Suppose that the set LC§(V, By) contains a point O. Take a divisor H G Pic(V) ® Q 
of bi-degree (1 — a, 1 — b). Then the divisor H is ample. Moreover, there is a divisor 

D ~ Q K v + By + H 

such that D is a Cartier divisor and H°(Oy(D)) = 0. On the other hand, the map 

H°(Oy(D)) ^ H°(O c{v , Bv) (D)) 

is surjective by Theorem 021 which is a contradiction. □ 

Lemma 44. Let V C P n be a smooth hyper surface of degree k < n, and By be an effective 
boundary on V such that By = rH , where r e Qn [0,1), and H is a hyperplane section 
of the hypersurface V cF n . Then LCS(V, By) = 0. 

Proof. Suppose that the set LCS>(V, By) contains a subvariety Z C V. Then dim(Z) = 
by Theorem 2 in |148j (see Lemma 3.18 in [33]). Therefore the set LC§(V, By) contains 
only closed points of the hypersurface V. In particular, the support of the scheme £(V, By) 
is zero-dimensional and H°(Oc(v,b v )) 7^ 0. 

Note, that K v + By + (1 - r)H = (k - n)H and H (O v ((k - n)H)) = 0, because the 
inequality k <n holds. However, Theorem 021 implies the surjectivity 

H°(O v ((k - n)H)) - H°{Oc(v,B v ){{k - n)H)) - 0, 

which is a contradiction, because H°(Oc(v,B v )({k — n)H)) = H° \0 cry, b v )) ■ D 

Example 45. Let V C P n be a smooth hypersurface 

x k = ^xfcP" = Proj(C[x , • • • , x n }), 
i=i 

and By = ^H, where H is a hyperplane section of the hypersurface V that is cut by 
the equation xq = x\. Then the hypersurface V is smooth and the set LCS(V, By) consist 
of a single point (1 : 1 : : . . . : 0) G V C P n . 

The arguments of the proofs of Lemmas 14*31 and 14*41 can be applied in much more general 
situation. Namely, for a given Cartier divisor D on the variety X, let us consider the exact 
sequence of sheaves 

- J(X, B x ) <g> D - O x (D) - 0c(x, Bjf )(L>) ^ 0, 

and the corresponding exact sequence of cohomology groups. Now Theorem 021 implies 
the following two connectedness results (see |173j ). 

Theorem 46. Let (X, Bx) be a log pair, and let B x be an effective boundary such that 
the divisor —{Kx + Bx) is nef and big. Then the locus LCS(X, Bx) is connected. 

Theorem 47. Let (X, Bx) be a log pair, Bx be an effective boundary, g : X — > Z be mor- 
phism with connected fibers such that — {Kx + Bx) is g-nef and g-big. Then LCS(X, Bx) 
is connected in a neighborhood of each fiber of g. 

Similarly, one can prove the following result, which is Theorem 17.4 in [119]. 

13 



Theorem 48. Let g : X — > Z be a morphism with connected fibers, D = Y^iei^ iEi be a 
divisor on X , h : V — > X be a resolution of singularities of the variety X such that the 
union of all h- exceptional divisors and \Ji e ih~ l (D i ) is a simple normal crossing divisor, 
the divisor —{Kx + D) is g-nef and g-big, and the inequality codim(g(.Dj) C Z) > 2 holds 
whenever di < 0. For any divisor E C V let a(E) G Q such that the equivalence 

K V ~ Q f*(K x +D)+J2< E ) E 

EcV 

holds. Then \J a fE)<-iE is connected in the neighborhood of every fiber of g oh. 

Proof. Let / = g o h, A = J2 a (E)>-i E , and B = E«(s)<-i E - Then 

\A\ - [B\ ~q K v - h*(K x +D) + {—A} + {B} 

and R}f*Oy( \A] — \_B\) = by the Kawamata-Viehweg vanishing. Hence the map 

f.Ov(\A\) - f*O m {\A\) 

is surjective. Every component of \A~\ is either /i-exceptional or a proper transform of a 
divisor Dj with dj < 0. Thus is (^-exceptional and = Oz- So the map 

O z - f*O w (\A]) 

is surjective, which implies the connectedness of \_B\ in a neighborhood of every fiber of 
morphism /, because \A] is effective and has no common component with \_B\. □ 

We defined the notion of a center of canonical singularities in Definition[2Hlfor a movable 
log pair. However, we did not use the movability of a boundary in Definitions 123 and we 
can consider centers of canonical singularities of any log pair. 

Theorem 49. Let (X, Bx) be a log pair, Z be an element in CS(X, Bx), H be an effective 
irreducible Cartier divisor on X such that Z C H , X and H are smooth at the generic 
point of Z , H is not a component of Bx, and Bx is effective. Then hCS(H, Bx\h) ^ 0- 

Proof. Let / : W -> X be a log resolution of (X, B x + H). Put H = f-\H). Then 
K W + H~ Q f*(K x + B X + H)+J2 < X , B x + H, E)E 

and by assumption we have {Z, H} C LCS(X, B x + H). Therefore applying Theorem 1381 
to the log pullback of (X, B x + H) on W, we get H fl E ^ for some divisor E ^ H on 
the variety W such that f(E) = Z and a(X, Bx, E) < — 1. Now the equivalences 

K k ~(K W + H)\ A ~q f\%(K H + B x \h) + J2 G ( X ' Bx + H > E ^ E \h 

E^H 

imply the claim. □ 

Corollary 50. Let (X,Mx) be a movable log pair, O be a smooth point of X , Hi be a 
general hyperplane section of X passing through the point O for i — 1, . . . , k < dim(X) — 2 
such that O e CS(X,M X ), M x is effective, and dim(X) > 3. Then O e hCS(S,M s ), 
where S = nf =1 Hi and M s = M x \s- 

It should be pointed out that Theorem 021 is a special case of a general phenomenon, 
which is known as log adjunction (see |119j . [53]). In particular, simple modification of 
the proof of Theorem 021 implies the following result. 
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Corollary 51. Let (X, Mx) be a movable log pair, O be an isolated hyper surface singular 
point of the variety X , and Hi be a general hyperplane section of X passing through the 
point O for i — 1, . . . , k < dim(X) — 2 such that O £ CS(X, Mx), the boundary Mx is 
effective, and dim(X) > 3. Then O £ LC§(S, M s ), where S = nJ =1 fT< and M s = M x \s- 

The following result is a Theorem 3.1 in |54j . which gives the shortest proof of the main 
result of |l(J3j modulo Theorem 021 (see |54*]). 

Theorem 52. Suppose that dim(X) = 2, the boundary Bx is effective and movable, and 
there is a smooth point O £ X such that O £ LCS(X, (1 — ai)Ax + (1 — ^2)^2 + Mx), 
where Ai and A2 are smooth curves on X intersecting normally at O , and a\ and 02 are 
arbitrary non-negative rational numbers. Then we have 



Most applications of Theorem E21 use the simplified version Theorem E21 (see Corol- 
lary 153*]) that involves only movable boundary. Moreover, Theorem E21 was created in 
order to be applied to movable log pairs. However, the proof of Theorem E21 i n [M] is 
inductive by the number of blow ups required to obtain the appropriate negative discrep- 
ancy. It is easy to see that the inductive proof of Theorem 1521 is much easier to apply when 
we have nonmovable components of the boundary. In certain sense the main difficulty in 
the proof of Theorem E21 is to find the right form of Theorem 1521 which is suitable for the 
inductive proof. On the other hand, Theorem 1521 with nontrivial nonmovable components 
of the boundary has nice higher- dimensional applications (see [27], |33j). More general 
approach to Theorem E21 was found in [72] , where an analog of Theorem E21 was used to 
prove the generalization of the main inequality of |158j . Note, that Theorem 2.1 in [72] 
is a generalization of Theorem |52] in the case when the nonmovable part of the bound- 
ary consists of a single component. However, such weaken version of Theorem E2] is not 
suitable for some applications (see [27J)- 

The following result is a special case of Theorem 0.1 in [7Tj . 

Corollary 53. Let H be a surface, O be a smooth point on H , and Mh be an effective 
movable boundary on H such that O £ LC8(if, Mh)- Then the inequality multo(M^) > 4 
holds and the equality multo(M^) = 4 implies multo(M^) = 2. 

The following result is due to 456J. 

Theorem 54. Let X be a variety, Mx be an effective movable boundary on X , and O be 
a smooth point of X such that O £ C§(X, Mx) and dim(X) > 3. Then m\i\to{M x ) > 4 
and the equality multo(M|-) = 4 implies multo(Mx) = 2 and dim(X) = 3. 

Proof. The claim is implied by Corollaries EDI and □ 

The proof of Theorem |^] in |156j is elementary but technical, which is valid even over 
fields of positive characteristic. The proof in |156j and the proof in jM] does not explain 
the geometrical nature of Theorem which is pointed out in [53] and requires the 
following well known result (see |119j ). 

Lemma 55. Let X be a smooth 3-fold, O be a point on X , and Mx be an effective 
movable boundary on the variety X such that the singularities of the log pair (X, Mx) are 
canonical, and O £ CE>(X,Mx). Then there is a birational morphism f : V — > X such 
that the 3-fold V has Q-factorial terminal singularities, the morphism f contracts exactly 
one divisor E, f(E) = O, and K v + M v ~ Q f*{K x + M x ), where My = f~\M x ). 
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Proof. There are finitely many divisorial discrete valuations v of the field of rational 
functions of X whose center on X is the point O and whose discrepancy a(X, My, v) is 
non-positive, because (X, Mj) has canonical singularities. Therefore we may consider a 
birational morphism g : W — > X such that W is smooth, g contracts k divisors, 

k 

K w + M w ~q g*{K x + M X ) + Y, ctiEi, 

i=i 

movable log pair (W, M w ) has canonical singularities, and the set CS(W, M w ) does not 
contain subvarieties of U^ =1 Ei, where Mw = g~ 1 (Mx), g{Ej) = O, and a-i G Q. Applying 
the relative Log Minimal Model Program (see |113j ) to the log pair (W, Mw) over X, we 
may assume that the 3-fold W has terminal Q-factorial singularities and 

K w + M w ~ Q g*(K x + M x ) 

because the singularities of the movable log pair (X, Mx) are canonical. Now applying 
the relative Minimal Model Program to the variety W over X, we get the necessary 3-fold 
and birational morphism. □ 

Remark 56. Let X be a smooth variety, O be a point of X, and / : V — > X be a 
birational morphism such that V has terminal Q-factorial singularities, / contracts a 
single exceptional divisor E, and f(E) = O. Then there is a movable log pair (X, Mx) 
such that the boundary Mx is effective, the singularities of the log pair (X, M x ) are 
canonical, K v + M v ~ Q f*(K x + M x ), and O G CS(X, M x ), where M v = f~ l (M x ). 

The following result is conjectured in and proved in |llUj . 

Theorem 57. Let X be a smooth 3-fold, O be a point of X , and f : V — > X be a birational 
morphism such that the singularities of V are terminal and Q-factorial, f contracts a 
single divisor E C V , and f{E) = O. Then f is a weighted blow up at the point O with 
weights (1, K, N) in suitable local coordinates on X , where K and N are coprime naturals. 

Actually, Theorem was proved in |53] modulo Theorem in the following way, 
which explains the geometrical nature of Theorem 

Proposition 58. Let X be a smooth 3-fold, O be a point of X , and Mx be an effective 
movable boundary on X , and f : V — > X be a weighted blow up ofO with weights (1, K, N) 
in suitable local coordinates on X such that 

Ky + My ~q f*(K x + M x ), 

where natural numbers K and N are coprime and My = f~ x (Mx). Then 

, , lf2 , (K + Nf t (K-N) 2 
mult o( M|) > = 4 + L__A > 4, 

where K = N implies that f is a standard blow up of O and multo(Mx) = 2. 

Proof. Let E C V be an /-exceptional divisor. Then 

Ky~ Q f*(K x ) + (N + K)E 

and My ~q f*(Mx) + rnE for some m G Q>o- Thus m = K + N . Now intersecting the 
effective cycle M\ with a general hyperplane section of X passing through O, we obtain 
the inequality mult (M|) > m 2 E 3 = {K ^ ? . □ 

The following application of Theorem 1^1 is Theorem 3.10 in |51] . 
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Theorem 59. Let X be a variety, O be an ordinary double point of X , and B x an 
effective boundary on the variety X such that O G C§(X, B x ), B x is a Q-Cartier divisor, 
and dim(X) > 3. Then multo(-Bx) > 1, and multo(-Bx) = 1 implies dim(X) = 3, where 
the positive rational number multo(-Bx) is defined through the standard blow up of O. 

Proof. We may assume that X is a 3-fold due to Corollary |^ Let / : W — > X be a blow 
up at the point O and E be an /-exceptional divisor. Then 

K w + B w ~q f*(K x + B x ) + (1 - mu\t (B x ))E, 

where B w = Suppose that the inequality mult (B x ) < 1 holds. Then there is 

a proper subvariety Z C Q such that Z G CE>(W, Bw)- Hence 

UCS(E,B W \ E ) ^ 

by Theorem ESI which is impossible by Lemma I4lfl because E = P 1 x P 1 . □ 

Proposition 60. Let X be a variety, B x be an effective boundary on X , and O be an 

isolated singular point on X such that X is locally given by the equation y 3 = 5^i=i x f 
in the neighborhood of O, the boundary B x is a Q-Cartier divisor on X , O G CS(X, B x ), 
and dim(X) > 4. Then multo(-Bx) > 1> where multo(-Bx) G Q is defined naturally by 
means of the standard blow up of the point O. 

Proof. The claim is implied by Corollary |^ and Theorem D 

Theorem 61. Let X be a variety of dimension n > A, B x be an effective boundary on 
the variety X , O be an ordinary triple point 7 of the variety X such that O G CS(X, B x ), 
and the boundary B x is a Q-Cartier divisor on X. Then the inequality multo(-Bx) > 1 
holds, and mxi\to{B x ) = 1 implies n = A, where the rational number mvXt o{B x ) is defined 
naturally through the standard blow up of the point O. 

Proof. Let / : W — > X be a blow up of the point O. Then 

K w + B w ~q f*(K x + B x ) + (n-3- mult (B x ))E, 

where Bw = and E = / _1 (0). Suppose that multo(-Bx) < n — 3. Then there 

is a subvariety Z C E such that 

Z G CS(W, B w - in - 3 - mu\t (B x ))E) C CS(W, B w ), 

and the inequalities n > 4 and multo(-Bx) ^ 1 imply that 

CS(W, B w -(n-3- mu\t (B x ))E) C CS(W, XB W ) 

for some positive rational number A < 1. In particular, hCE>(E, Bw\e) 7^ in the case 
when multo(-Bx) < 1 by Theorem 14^1 Moreover, we have LCS(£J, XB w \e) 7^ in the 
case when multo(-Bx) ^ 1 and n > 4. Therefore, in both cases we proved the claim that 
contradicts to Lemma 14*41 □ 

It is easy to see that Theorems loTfl and loTl are special cases of the following general result, 
which is left without a proof, because its proof is very similar to the proof of Theorem loTl 



Namely, the point O is an isolated hypersurface singular point of X such that the projectivization of 
the tangent cone to X at the point O is a smooth hypersurface in P™^ 1 of degree 3 
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Theorem 62. Let X be a variety of dimension n, Bx be an effective boundary on the va- 
riety X , and O be an ordinary singular point? of multiplicity k such that O G CS(X, Bx), 
the inequality n > k holds, and Bx is a Q-Cartier divisor. Then multo(-Bx) > 1? an d 
the equality multo(Bx) = 1 implies n = k+1, where multo(-Bx) G Q is defined naturally 
through the standard blow up of the point O. 

Corollary 63. Let f : V — > X be a birational morphism, O be an ordinary singular point 
of the variety X of multiplicity dim(X) — 1 such that X and V have terminal Q-factorial 
singularities, the morphism f contracts a single divisor E, and f(E) = O. Then f is a 
standard blow up of the point O. 

4. The Noether-Fano-Iskovskikh inequality. 

In this chapter we consider the Noether-Fano-Iskovskikh inequality and give two gener- 
alization of this inequality. Let X be a Fano variety with terminal Q-factorial singularities 
such that Pic(X) = Z. For example, we can always substitute X by the variety that sat- 
isfies all conditions of Theorems 13*1 or [T"""l ( see Lemma """SI and Remark l"""7j). We assume that 
all movable boundaries are effective. The following result is due to [53 , but its special 
cases can be found in [BE], HH, [H], [1301, Q3H, QUE PIE] and [Mi- 
Theorem 64. Suppose that every movable log pair (X, My) such that Kx + Mx ~<q 
has canonical singularities. Then the Fano variety X is birationally superrigid. 

Proof. Suppose that X is not birationally superrigid. Let p : X — > F be a birational 
map such that the rational map p is not biregular and either Y is a Fano variety of Picard 
rank 1 with terminal Q-factorial singularities or there is a fibration r : Y — > Z whose 
generic fiber has Kodaira dimension — oo. We may assume that 

Suppose that we have a fibration r : Y — > Z such that the generic fiber of r is a variety 
of Kodaira dimension — oo. Take a very ample divisor H on Z and some positive rational 
number //. Put M Y = h\t*(H)\ and M x = pp~ l (\T*{H)\). Then we have 

k(X,M x ) = k{Y,M y ) = -oo 

by construction. Choose \i such that Mx ~q —Kx- Then the singularities of (X, Mx) 
are not canonical, because otherwise k(X, Mx) = 0. Therefore we get a contradiction 
with our initial assumption. 

Suppose that Y is a Q-factorial terminal Fano variety of Picard rank 1. Take a positive 
rational number p. Let My = - | — nKy \ and Mx = p~ 1 (My) for n^> 0. Then 

{dim(y) for \i > 1 
for fx = 1 
— oo for jj, < 1 

by construction. Choose \x such that Mx ~q —Kx- Then the singularities of the movable 
log pair (X, Mx) are canonical by assumption. Hence k(X, Mx) = and p = 1. 
Let us consider a commutative diagram 

W 

f 

X ^Y 

p 

8 Namely, the point O is an isolated hypersurface singular point on X such that the projectivization of 
the tangent cone to X at the point O is a smooth hypersurface in P™ _1 . 
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such that W is smooth, g : W — *> X and / : W — > Y are birational morphisms. Then 

k I 

a(X, M x , Fj)Fj ~ Q Yl G i)°i> 

3=1 i=l 

where G\ is an ^-exceptional divisor and Fj is an /-exceptional divisor. We may assume 
that k — I, because X and Y are Q-factorial and have Picard rank 1. Every a(X, Mx, Fj) is 
non-negative and every a(Y, M Y , Gi) is positive, because (Y, M Y ) has terminal singularities 
by assumption. Thus it follows from Lemma 2.19 in |119j that 

k k 

a{X, M x , Fj)Fj = a{Y, M Y , Gi)G u 

j=l i=l 

which implies that the singularities of the log pair (X, Mx) are terminal. 

Now take p > 1 such that the singularities of the log pairs (X, Mx) and (Y, My) are 
still terminal (see Remark IHUj) . Then both log pairs (X, Mx) and (Y,M Y ) are canonical 
models. Thus p is an isomorphism by Lemma ESI which contradicts to our assumption 
and concludes the proof. □ 

The roots of Theorem can be found in |138j . jSH] and [70]. In two-dimensional case 
an analog of Theorem IM1 is proved in 130J , [131], i n the three-dimensional case an analog 
of Theorem |M] is proved in |103j , 



Corollary 65. Suppose that X is not birationally superrigid. Then there is a movable 
log pair (X, Mx) such that the divisor —(K x + Mx) is ample and CS(X, Mx) ^ 0. 

The following two generalizations of Theorem |M] are due to [2H] • 

Theorem 66. Let p : V ---> X be birational map such that there is a morphism r : V — ► Z 
whose generic fiber is a smooth elliptic curve, and let D be a very ample divisor on the 
variety Z andV = \r*(D)\. Put M. = p(T>) and M x = where 7 is a positive rational 
number such that K x + lM x ~q 0. Then C§(X, M x ) + 0. 

Proof. Suppose that the set CS(X, Mx) is empty. Then the singularities of the movable 
log pair (X, Mx) are terminal. In particular, for some rational number e > 7 the movable 
log pair (X,eAi) is a canonical model (see Remark l3T?|) . In particular, the equality 

n(X,eM) = dim(X) 

holds. On the other hand, the log pairs (X,eAi) and (V,eT>) are birationally equivalent 
and have the same Kodaira dimensions. However, by construction 

«(V, eV) < dim(Z) = dim(X) - 1, 

which is a contradiction. □ 

Theorem 67. Let p : V -~* X be a birational map such that V is a Fano variety with 
canonical singularities. Put T> = | — nKy\ for n ^> 0, A4 = p(T>), and Mx = 7-M, where 
7 G Q such that Kx + ^Mx ~<q 0. Then either p is not biregular or CS(X, Mx) 7^ 0. 

Proof. Suppose that CS(X, Mx) = 0- Then the singularities of the log pair (X,Mx) are 
terminal. In particular, we have k(X,Mx) = 0, which implies 7 = -. Thus for some 
rational e > 7 the log pair (X, eM.) is canonical model. On the other hand, the movable 
log pair (V, eD) is a canonical model as well. Hence p is biregular by Lemma IHol □ 
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5. BlRATIONAL SUPERRIGIDITY. 

In this section we prove Theorem |H1 Let 7r : X — > P 2n be a cyclic triple cover branched 
over a hypersurface S C P 2n of degree 3n such that the only singularities of the hypersur- 
face S are ordinary double points, and n > 2. Then X is a Fano variety, the singularities 
of the variety X are terminal Gorenstein singularities, and Kx ~ ir*(Op2 n (— 1)). 

The variety X is a hypersurface 

V 3 = f3n(x , . . .,x 2n ) C P(l 2n+1 ,n) = Proj(C[x , . . -,x 2n ,y}), 

where f$ n is a homogeneous polynomial of degree 3n. The triple cover 7r : X — > P 2n is a 
restriction of the natural projection P(l 2n+1 , n) -~» P 2n that is induced by the embedding 
of the graded algebras C[x , . . . , x 2n ] C C[x , . . . , x 2n , y). Moreover, the equation of the 
hypersurface S C P 2n is fsnfeo, ■ ■ ■ , x 2n ) = 0. 

The variety X is Q-factorial, but this must be proved. We prove a stronger statement 
following the arguments in [221, [22]- I n fact, the Q-factoriality of the variety X must 
follow from the Lefschetz theorem (see [TZj, [E2])> because X has isolated singularities. 

Lemma 68. The groups C1(X) and Pic(X) are generated by the divisor Kx- 

Proof. Let D be a Weil divisor on X. We must show that D ~ rifj for some r G Z. 

Let if be a general divisor in | — fcXx| for ^> 0. Then if is a smooth weighted 
complete intersection in P(l 2n+1 ,n) and dim(i?) > 3. In particular, Pic(if) is generated 
by the divisor Kx\h by Theorem 3.13 of chapter XI in (see ^HJ , Lemma 3.2.2 in |61j . 
or Lemma 3.5 in [SEl)- Hence there is r 6 Z such that D\h ~ tKx\h- 

Let A = D — rKx- Then the sequence of sheaves 

- O x (A) ® O x (-i0 ^ Cx(A) ^O H ^0 

is exact, because Ox (A) is locally free in the neighborhood of H. Thus the sequence 

-> F°(Ox(A)) -> #°(0h) - H\O x (A) ® Ox(-if )) 

is exact. The sheaf is reflexive (see JHS|)- So there is an exact sequence of sheaves 

0^Ox(A) ^^^0, 

where £ is a locally free sheaf, and T has no torsion. Hence the sequence 

E\T ® Ox(-H)) -> H\O x (A - H)) -> ii 1 ^ ® O x {-H)) 

is exact. However, the group if°(jF ® O x (—H)) is trivial because JF has no torsion, and 
the group H 1 (S ^)O x {—H)) is trivial by the lemma of Enriques-Severi-Zariski (see |204j ). 
because the variety X is normal. Therefore 

ii 1 (O x (A)®O x (-ii)) =0 

and H°(O x (A)) = C. Similarly, we have if°(O x (-A)) = C. Thus D ~ rX x . □ 

Suppose that the Fano variety X is not birationally superrigid. Let us show that this 
assumption leads to a contradiction. It is follows from CorollarylHSlthat there is a movable 
log pair (X, M x ) such that the set CS(X, M x ) is not empty, the boundary M x is effective, 
and the divisor —{Kx + Mx) is ample. The latter simply means that Mx ~<q —rKx for 
a positive rational number r < 1. Let Z C X be an element of the set C§(X, Mx)- 

Lemma 69. The subvariety Z G X is not a smooth point of the variety X. 
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Proof. Suppose that Z is a smooth point of X. Let Hi, ... , H 2n -2 be sufficiently general 
divisors in the linear system |7T*(0p2n(l))| such that each Hi passes through Z. Then 

3>M X -H 1 # 2n _ 2 > mult z (M 2 )mult z ( J ff 1 ) • • • mult z (if 2n _ 2 ) > 4, 

because mult,z(M|-) > 4 by Theorem 134*1 which is a contradiction. □ 

Lemma 70. The subvariety Z G X is not a singular point of the variety X . 

Proof. Suppose that Z C X is a singular point of the variety X. Then 7r(Z) is a singular 
point of the hypersurface S G P 2n . Let a : 1/ — > X be a usual blow up Z and G C V 
be an a-exceptional divisor. Then V is smooth and G is a quadric of dimension 2n — 1 
having a single singular point O £ G. Namely, the variety G G V is a quadric cone with 
the vertex O G V. 

Let My = a _1 (Mx), and mult z (Mx) be a rational number such that the equivalence 

M v ~ Q a*(M x ) - m\M z {M x )G 

holds. Then m\At z {M x ) > 1 by Proposition foTH 

Put H = a*(—Kx) and consider the linear system \H — G\. By construction, the 
rational map <J)\h-g\ that is given by the linear system \H — G\ is the rational map 

7 otto a : V — » P 2n ~\ 

where 7 : P 2n — - » p 2n_1 is a projection from the point 7r(Z). The base locus of the linear 
system \H — G\ is not empty. Namely, its base locus consists of the vertex O of the quadric 
cone G. Moreover, blowing up the point O we resolve the indeterminacy of the rational 
map <f)\H-G\, an d the proper transform of the quadric cone G is contracted by 4>\h~g\ into 
the smooth quadric of dimension 2n — 2. 

It should be pointed out that instead of blowing up the points Z and O we can resolve 
the indeterminacy of the rational map 7 o tt : X — •» p 2n_1 by a single weighted blow up 

13 : U -> X c P(l 2n+1 ,n) 

of the point Z with weights (2, 3 2n ) in the corresponding local coordinates. The weighted 
blow up j3 : U —>■ X can be described as a composition of three rational maps: the blow 
up a, the blow up of the point O, and the consequent contraction of the proper transform 
of the quadric cone G. The exceptional divisor of j3 is isomorphic to p 2ra_1 ; and it is a 
section of the fibration 7 o n o (3 : U — > P 2n_1 . However, the variety U is singular, namely, 
the variety U has log terminal quotient singularities (see |164j ) of type |(1, 1) along the 
image of the quadric cone G on the variety U. 

Let C be a general curve that is contained in the fibers of 4>\h-g\- Then C is irreducible 
and reduced, the curve tt o a(C) is a line passing through the point 7r(Z). Moreover, we 
have C ■ G — 2, C ■ (H — G) — 1, and O G C. Intersecting the boundary My with the 
curve C, we obtain the inequalities 

1 > 3 - 2mult z (M x ) > My • C > mult (My), 

which imply multz(Mx) < § and mult o (My) < 1. The equivalence 

K v + My ~q a*(K x + M x ) + (2n - 2 - mult z (M x ))G 

and mult^(Mx) < | imply the existence of a proper subvariety FcG such that 

Y G CS(V, My - (2n - 2 - mult z (M x ))G). 

The dimension of Y does not exceed 2n — 2, multy(My) > 1, and Y G CS(V, My). 
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Let dim(Y) = 2n — 2. In the case when O G Y we have 

1 > multo(My) > multy(My) > 1, 

which is impossible. Thus O Y. Let L be a general ruling of the cone G. Then 

3 

- > m.u\tz{M x ) = M v ■ L > multy(My)L • Y, 

where L ■ Y is an intersection on G. Hence L ■ Y = 1 and Y is a hyperplane section of the 
quadric cone G under the natural embedding G C P 2n . Note, that we have 

Y G LC§(V, My - (2n - 3 - mult z (M x ))G), 

and we can apply Theorem 1521 to the log pair (V, My — (2n — 3 — vavlt z(M x ))G) and to 
the subvariety Y (ZV oi codimension 2. This gives the inequality 

multy(M^) > 4(2n - 2 - mult z (M x )) > 2, 

because mult^(Mx) < § and n > 2. Let H\, . . . , H 2n _ 2 be sufficiently general divisors in 
the linear system \H — G\. Then the inequalities 

I > 3 - 2mult|(M x ) >H 1 -H 2 --- H 2n -2 • M v > multy (M^)(H - G) 2n ~ 2 -Y>2 

hold, which is a contradiction. 

Therefore dim(Y) < 2n — 2. The inequality multo(My) < 1 implies that O is not 
contained in Y. Let P be a general point P G Y. Then multp(My) > 4 by Theorem 1541 

Let X> C \H — G\ be a linear subsystem consisting of divisors that passes through the 
point P. The base locus of the linear system T> consists of 2 curves. The first one is a 
ruling Lp of a quadric cone G such that P £ Lp. The second one is a possibly reducible 
curve Cp such that 7r o a(Cp) C P 2ra is a line that passes through the point ir(Z). 

The line 7r o cn(Cp) gives a point in the projectivization of the tangent cone of the 
hypersurface S at the point tt(Z) that corresponds to the image of the point ((P), where 
C is a projection of the cone G to its base. Note that the base of the cone G is canonically 
isomorphic to a projectivization of the tangent cone to S at n(Z). 

Let Di, . . . , D 2n -2 be general divisors in V, and T be a one-cycle H\ - •• H 2n _ 3 ■ My on 
the variety V. Then T is an effective and multp(T) > 4. Unfortunately, we are unable 
to intersect properly the cycle T with the remaining divisor H 2n _ 2 , because H 2n _ 2 may 
contain components of the effective one-dimensional cycle T. Namely, Pi 2n -2 may contain 
either the curve Lp or components of the the curve Cp in the case if some of them are 
contained in Supp(T). 

Suppose that the curve Cp is irreducible. Then 

T = fiL P + XC P + r, 

where /i and A are nonnegative rational numbers, and F is an effective one-dimensional 
cycle whose support does not contain the curves Lp Cp. Then 

multp(r) > 4 - multp(Lp)/i - multp(Cp)A = 4 - \i - multp(Cp)A > 4 - \l - 3A, 

because multp(Cp) < 3, which is implied by the fact that Cp is a triple cover of a line 
that is blown up in a possible singular point. Intersecting the effective cycle T with the 
divisor H 2n _ 2 , we obtain the inequalities 

3 - 2mult|(M x ) - ii > T ■ H 2n ^ 2 > mult P (r) > 4 - \i - 3A, 
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because Cp ■ H2 n -2 = 0. Therefore A > 1. Intersecting the cycle T with a sufficiently gen- 
eral divisor H of the free linear system \a*(—K x )\, we immediately obtain a contradiction, 
because H ■ Cp = 3 and H ■ T < 3. 

Hence the curve Cp is reducible. However, the triple cover ir is cyclic, which implies 

Cp = C\ + Ci + C3, 

where C% is a nonsingular rational curve such that ir o a(Cp) is a line, the restriction 
morphism 7r o a\c t is an isomorphism, —K x • a(Cj) = 1, and Cj 7^ Cj \ii ^ j. Put 

3 

T = /jL p + J2 A ^ + r ' 

8=1 

where \x and Aj are nonnegative rational numbers, and T is an effective one-dimensional 
cycle whose support does not contain the curves L P and Ci. As in the case of the 
irreducible curve Cp we can intersect properly the cycle T with the divisor H2 n -2, which 
immediately implies the inequality ^;=i A* > 1. Intersecting the cycle T with a general 
divisor H in \a*(—Kx)\, we obtain a contradiction, because H -Ci = 1 and H-T < 3. □ 

Lemma 71. The inequality codim(Z C X) > 2 is impossible. 

Proof. Suppose that codim(Z C X) > 2. Then dim(Z) 7^ by Lemmas IM1 and 1701 an d 

mult z (M|-) > 4 

by Theorem 1541 Let O be a general point on Z, and let Hi, . . . , i? n _2 be sufficiently 
general divisors in | — Kx\ such that each Hi passes through the point O. Then 

3>M 2 X -H 1 --- H 2n ^ 2 > mu\t z {M 2 x ) > 4, 

which is impossible. □ 

Therefore we proved that codim(Z C X) = 2. 

Lemma 72. The inequality K 1 ^' 2 ■ Z <2 holds. 

Proof. The inequality K 2 X ~ 2 ■ Z < 2 easily follows from the equality K^ 1 = 3, the ample- 
ness of the divisor —{K x + M x ), and the inequality mult^(Mx) > 1. □ 

Lemma 73. The equality n = 2 holds, namely, dim(X) = 4. 

Proof. Suppose that n > 2. Let V be a general divisor in | — K x \- Then V is a smooth 
hypersurface of degree 3n and of dimension 2n — l > 5 in P(l 2n , n). Hence the cohomology 
group if 4n _ 6 (V,C) is one-dimensional (see |176j . Theorem 7.2 in 91J, and §4 in [HI])- 
Let us show that the subvariety 

Y = znv c v 

of dimension 2n — 3 can not generate the group H in _ & ( V, C) . Let Y = \D 2 in if 4n _ 6 (V, C) 
for some A G C, where D = —K x \y. The image vr(Z) C P 2n is either a linear subspace of 
dimension 2n — 2 or a quadric of dimension 2n — 2 by Lemma 1721 In particular, applying 
the Lefschetz theorem to a smooth hyperplane section of S, we see that vr(Z) <f_ S. 

The subvariety 7r _1 (7r(Z)) splits into three irreducible subvarieties, which are conjugated 
by the action of the group Z3 on the variety X that interchanges the fibers of the triple 
cover ir. Therefore A = where a = K 2 X ~ 2 ■ Z = 1 or 2 by Lemma 1721 The equality 

a = Y ■ D 2n - 3 = X 2 - n D ■ Y n ~ 2 
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implies 

D ■ Y n - 2 = 4 Z, 

3 T ' 

but D ■ Y n ~ 2 G Z, because V is smooth, which is a contradiction. □ 

It should be pointed out that we can obtain the claim of Lemma by mean of the 
applying Proposition 5 in |158j or Proposition 4.4 in [72j to S C P 2ra and S D ^(Z). 

Lemma 74. TTie surface tt{Z) is not contained in the hypersurface ScP 4 . 

Proof. In the smooth case the claim is trivial due to the Lefschetz theorem. 

Let V C X be a general divisor in the linear system | — Kx\- Then the induced 
morphism r = 7r|y:V r ^P 3 isa cyclic triple cover branched over a smooth hypersurface 

f = s n w(v) c p 3 

of degree 6. Put My = M x \v an d C = Z n V. Then the boundary My is movable and 
effective, the curve C is smooth and rational, the curve t(C) is either a line or a conic, 
and the restriction morphism t\c is biregular. Moreover, the inequality mult c( My) > 1 
and the equivalence My ~q rif hold, where if ~ r*(Cp3(l)) and r G Q fl (0, 1). 

Suppose that r(C) C F. Let us show that the latter assumption leads to a contradic- 
tion. Let O be a point on C. Put P = t(0) G t(C). Let T C P 3 be a hyperplane that 
tangents the hypersurface F at the point P. Then the curve Y = T fl F is singular at the 
point P. In the case when the multiplicity of the curve Y in the point P is 2, let L be a 
line in T that passes through the point P in the direction corresponding to any point in 
the projectivization of the tangent cone to the curve T at the point P. In the case when 
the multiplicity of the curve Y in the point P is greater than 2, let L be any line in T 
that passes through the point P. By construction, the line L tangents F such that the 
multiplicity of the tangency is at least 3. 

Let L = r~ l (L). Then multo(L) = 3. Intersecting the curve L with a movable bound- 
ary My, we immediately obtain the following: at least one of the irreducible components 
of the curve L is contained in the base locus of one of the component of the movable 
boundary My. However, the latter is impossible in the case when the line L spans at 
least a divisor in P 3 when we vary the point O on C . Let us show that the line L always 
spans at least a divisor in P 3 when we vary the point O on the curve C, which concludes 
the proof. 

It should be pointed out that the hyperplane T tangents the hypersurface F in finite 
number of points. This is easily implied either by the Zak theorem on the finiteness of 
the Gauss map (see [7S], [22], |2Ulj ) or by Theorem 2 in |148j (see Lemma 3.18 in [33 J. 

Suppose that r(C) is a line. Then r(C) cYcT, and T spans a pencil of hyperplanes 
m P 3 that pass through r(C) when we vary O on C . Put Y = r(C) UP. In the case when 
the point O is sufficiently general, the curve R is smooth and intersects r(C) transversally 
by the Bertini theorem. In particular, we always can choose the line L different from the 
line t(C). Therefore different choices of the sufficiently general point O on C give different 
line L. Hence the line L spans a divisor when we vary the point O on C. 

So t(C) is a conic. Then t(C) (jL Y when O is a general point on O. On the other 
hand, the hyperplane T tangents t(C) in P. Therefore, the hyperplane T intersects the 
conic t(C) just by the point P if the point O is general on O. However, the line L passes 
through the point P, and L is contained in the hyperplane T. Thus the different choices 
of the sufficiently general point O give different line L. Hence the line L spans a divisor 
when we vary the point O on the curve C, which concludes the proof. □ 
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Lemma 75. The surface tt(Z) is not a plane in P 4 . 

Proof. Suppose that 7r(Z) is a two-dimensional linear subspace of P 4 . Let us consider the 
reduction to a smooth 3- fold to get a contradiction as in the proof of Lemma EH 
Let V C X be a general divisor in | — Kx | , and 

r = 7r| y : V -> P 3 

be an induced cyclic triple cover branched over a smooth hypersurface F = Sr\ir(V) C P 3 
of degree 6. Put My = M x \v and C = ZdV. Then My is an effective movable boundary, 
the curve t(C) is a line, the morphism r\c is biregular, the curve r(C) is not contained in 
the hypersurface F, multc(My) > 1, and My ~q rH, where H ~ r*(C P 3(l)) and r is a 
positive rational number such that r < 1. The variety V is a smooth Calabi-Yau variety, 
namely, the rational equivalence Ky ~ holds. 

Let V C |r*(C?p3(l))| be a pencil consisting of surfaces passing through C. The base 
locus of the pencil T> consists of the curve C and 2 different curves C and C such that 

r(C) = r(C)=r(C). 

The curves C, C and C* are conjugated by the action of the group Z 3 on V that 
interchanges the fibers of the cyclic triple cover r. 

Let / : U -> V be a blow up of C and 22 = f~\C). Put P = f~\V). Then 

P ~ £) -E, 

where D = (r o /)*(0ps(l)). On the other hand, the base locus of the pencil V consists 
of proper transforms of the curves C and C on the variety U. In particular, the proper 
transforms of the curves C and C on U are the only curves on the variety U that has 
negative intersection with the divisor D — E. Therefore the divisor 2D — E is numerically 
effective on the variety U. In particular, the inequality 

(2D — E) ■ My > 

holds, where Mu is a proper transform of the movable boundary My on the variety U. 
Now we calculate the intersection (2D — E) ■ My > implicitly. Firstly, the equalities 

D' 3 = 3, D 2 ■ E = 0, D ■ E 2 = -1 
hold. Secondly, the equalities 

E 3 = -deg(Af c /v) =K v -C + 2- 2g(C) = 2 
holds (see (Ml)- Thirdly, the equivalence Mu ~<q rD — mvltc(My)E holds. Hence 

(2D - E) ■ M 2 = 6r 2 - 2mult^(M y ) - 2rmv\t c (M v ) - 2mult^(M y ), 
which implies (2D - E) ■ M v < 0, because r < 1 and multc(My) > 1. □ 
Lemma 76. The surface tc(Z) is not a quadric in P 4 . 

Proof. Suppose that tt(Z) is an irreducible two-dimensional quadric in P 4 . Then we can 
obtain the contradiction in the same way as in the proof of Lemma [7^1 Let us show the 
small modifications that must be done to the proof of Lemma 1751 We use the notation of 
the proof of Lemma [731 

Firstly, the curve r(C) is a conic. Secondly, the base locus of the linear system 1225 — 221 
is contained in the union C U C, because \2D — E\ contains proper transforms of quadric 
cones in P 3 over the conic t(C). However, the intersections of the proper transforms of the 
curves C and C on U with 2D — E are non-negative. In particular, the divisor 2D — E is 
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numerically effective as in the proof of Lemma I7H1 Thus the inequality (2D — E) ■ > 
holds. Thirdly, the equality D ■ E 2 = —2 holds, but E 3 = 2. Fourthly, the equality 

(2D — E) ■ My = 6r — 4mult 2 c (M v ) - 4rmult c (M y ) - 2mult 2 7 (M y ) 

holds, which implies (2D — E) ■ Mfj < 0, because r < 1 and multc (My) > 1. □ 

Therefore, Theorem El is proved. 

6. The absence of elliptic structures. 

In this section we prove Theorem 1151 Let it : X — ► P 2ra be a cyclic triple cover branched 
over a hypersurface S 1 C P 2n of degree 3n such that the only singularities of the hypersur- 
face S are ordinary double points, and n > 2. Then X is a Fano variety, the singularities 
of the variety X are terminal and Q-factorial (see Lemma IBSj) . and the equivalence 

K x ~ 7T*(0 P 2„(-1)) 

holds. Suppose that there are birational map p : X — -> X and morphism v : X — > W 
such that the generic fiber of v is a smooth elliptic curve. Let us show that the latter 
assumption leads to a contradiction. 

Let D be a very ample divisor D on W. Put V = \u*(D)\, M = p(T>), and M x = 7-M, 
where 7 G Q such that ^M x ~q -K x . Then CS(X, M x ) ^ by Theorem Ififil 

Remark 77. It follows from the proof of Theorem El that the singularities of the movable 
log pair (X, M x ) are canonical fsee lMjl . 

The claim of Theorem ITB1 is a limit of the claim of Theorem El Therefore we can repeat 
almost all steps of the proof of Theorem El under slightly weaker conditions. However, we 
must modify the proof the proof of Theorem El using the following property of (X, M x ). 

Remark 78. The linear system Ai is not composed from a pencil 9 . 

Let Z C X be an element of the set CS(X, M x ). 

Proposition 79. The equality codim(Z C X) = 2 holds. 

Proof. The claim is implied by the proofs of Lemmas EHl EH 1^ D 
Proposition 80. The equality mult^(Mx) = 1 holds. 

Proof. The claim follows from Proposition [THl and Remarks [77| and |!nj □ 

Lemma 81. The inequality K 2 ^ 2 ■ Z <2 holds. 
Proof. The inequality 

R 2n-2 . z < 3 

follows from K 2 ^ = 3, M x ~ Q -K x and mu\t z (M x ) = 1. 

Suppose that K 2 ^ 2 ■ Z = 3. Let us show that K 2 ^~ 2 ■ Z = 3 leads to a contradiction. 

Taking an intersection of the cycle M\ with 2n — 2 sufficiently general divisors in the 
linear system | — K x \ , we see that 

Supp(Mi) = Z, 

where the equality Supp(M|) = Z does not depend on the choice of two different divisors 
in the linear system M. in the definition of the cycle M\. 

9 Namely, the inequality dim(ipM (X)) > 1 holds. 
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Let P G X \ Z be a sufficiently general point, and D C M. be a linear system consisting 
of divisors passing through the point P. Then the base locus of the linear system T> has 
codimension at least 2 in X, because M. does not composed from a pencil. Thus 

£>i n £> 2 = z 

in a set-theoretic sense, where .Di and -D2 are sufficiently general divisors in the linear 
system T>. Indeed, the divisors D\ and D 2 are contained in the linear system M. and we 
have Supp(Mjf) = Z. On the other hand, by definition P G D\ D -D2 and P ^ Z, which 
is a contradiction. □ 

It should be pointed out that the proof of Lemma [721 requires that the following prop- 
erties of the subvariety Z hold: codim(Z C X) = 2 and K^~ 2 • Z < 2. 

Corollary 82. The equality n = 2 holds, namely, we have dim(X) = 4. 

We must reprove Lemmas 1741 and 1751 under the new conditions. We prove them using 
the canonicity of the movable log pair (X, Mx) and the fact that A4 is not composed 
from a pencil. However, the proof of Lemma [70 is valid under the new conditions once 
we have the claims of Lemmas [7JI and [751 

Corollary 83. The case ir(Z) (jL S and K\ ■ Z = 2 is impossible. 

Hence we must get rid of the following three cases: 

• tt(Z) £ S and K% ■ Z = 1; 

• tt(Z) C 5 and K% ■ Z = 1; 

• tt(Z) C 5 and K\ ■ Z = 2. 

Lemma 84. The case 7r(Z) (£_ S and K\ ■ Z = 1 is impossible. 

Proof. Suppose that ir(Z) (jL S and K\ ■ Z = 1. Let us show that this assumption leads 
to a contradiction. The surface 7r(Z) is a two-dimensional linear subspace of P 4 , which 
is not contained in the hypersurface S. The triple cover tt is cyclic, which implies the 
existence of two different surfaces Z and Z such that 

n(Z) = n(Z) = n(Z), 

and three surfaces Z, Z and Z are conjugate under the action of the group Z 3 on the 
variety X, that interchanges the fibers of n. 

Let V C X be a sufficiently general divisor in the linear system | — Kx\ and 

r = 7r|y : V -> P 3 

be an induced cyclic triple cover. Then the triple cover r is branched over a smooth 
hypersurface F — S n 7r(V) C P 3 of degree 6. 

Let 7i = A^|v and My = M x \v — lH- Then the base locus of the linear system TC has 
codimension at least 2 in V, the equivalence 

M v ~q r*(O p3 (l)) 

holds. Moreover, the generality in the choice of V implies that TC is not composed from 
a pencil. Let C = Z n 7, C = Z n 7, and C = Z n V. Then mult c (M v ) = 1. 

Let / : U —> V be a blow up of a smooth curve C, and E be an exceptional divisor of 
the blow up /. Put V = f-\H) and M v = f~ l (M v ) = <fD. Then 



Mjj ~q D — E, 
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where D = (r o /)*(0 P 3(1)). However, the base locus of the pencil \D — E\ consists of 
proper transforms of the curves C and C on the variety U. Moreover, the equalities 

(D- E)-C =(D-E)-C = -l 

holds. Therefore the proper transforms of the curves C and C on the variety U are the 
only curves on U that have non-positive intersection with 2D — E. In particular, the 
divisor 2D — E is numerically effective and the inequality {2D — E) ■ > holds. 

The intersection (2D — E) ■ can be easily calculated (see the proof of Lemma I75j) . 
namely, the equalities 

(2D - E) ■ Ml = 6 - 2mu\t 2 c (M v ) - 2mult c (M y ) - 2mult^(M y ) = 

hold. Thus Supp(M^) is contained in the curves C and C. This is simply means that for 
any two different divisors Hi and H 2 in the linear system V, the intersection Hi n H 2 is 
contained in the union C U C in a set-theoretic sense. 

Let P G U \ (C U C) be a sufficiently general point, and V C T> be a linear subsystem 
of divisors passing through the point P. Then the linear system V does not have base 
components, because V is not composed from a pencil. Let Di and D 2 be two sufficiently 
general divisors in the linear system V. Then in a set-theoretic sense 

P e DiCiDiCCUC, 

because Di G T>. The obtained contradiction concludes the proof. □ 

Lemma 85. The case ir(Z) C S and K\ ■ Z = 1 is impossible. 

Proof. Suppose that tt(Z) C S and K\ • Z — 1. Then 7r(Z) is a two-dimensional linear 
subspace of P 4 , which is contained in the hypersurface S. The Lefschetz theorem implies 
that the hypersurface S is singular. 

We use the reduction to a smooth 3-fold as in the proof of Lemma EH Moreover, let 
us use the notations of the proof of Lemma |HH which can be used in this case with the 
only difference that the surfaces Z, Z, Z are coincide under the new conditions, because 
the surface Z is invariant under the action of Z 3 on the variety X that interchanges the 
fibers of n. 

All steps of the proof of Lemma |HH remains valid under new conditions except the very 
last one. Namely, the numerical effect ivity of the divisor 2D — E is not clear, but it can 
be proved analyzing the class of the divisor E\e in the Picard group of the /-exceptional 
surface E = However, we prove the numerical effectivity of the divisor 2D — E using 
more geometric ideas. 

Let us consider the pencil \D — E\ on the variety U. The base locus of \D — E\ consists 
of a curve C C E such that C is a section of the projection f\ E : E — >• C. It should be 
pointed out that the curve C C E is an infinitesimal analog of the curve C in the proof 
of Lemma EH Moreover, blowing up the curve C, we can obtain an infinitesimal analog 
of the curve C in the proof of Lemma [HU but we do not need this. 

Let Y be a general surface Y in the pencil \D — E\. Then Y is singular. Let us describe 
the singularities of the surface Y. The surface 

r o f(Y) C P 3 

is a plane passing through the line r(C) C F, where F is a ramification surface of the 
cyclic triple cover r : V — > P 3 . In particular, the curve 

rof(Y)nF 
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is reducible, it consists of two irreducible components: the line r(C) and a plane quintic 
curve R. Moreover, the quintic R is smooth by the Bertini theorem, and R intersects the 
line t(C) transversally in 5 points. On the other hand, the morphism 

r\ nY) :f(Y)^rof(Y)^¥ 2 

is a cyclic triple cover branched over a curve t(C) U R. Therefore the singularities of the 
surface f(Y) are 5 singular points of type A2 contained in C. The birational morphism 

f\ Y :Y — /00 

partially resolves the singularities of f(Y). Namely, the surface Y has 5 ordinary double 
points, and each of them dominates the corresponding singular point of the surface f(Y). 

Let My = Mjj\y- Then the boundary My may not be movable, because it may contain 
a multiple of the curve C as a fixed component. Hence we can put 

M Y = a€ + T, 

where a G Q>o and T is a movable boundary on the surface Y. On the other hand, we 
have My ~q 2C. Moreover, it follows from the subadj unction formula (see |119j ) that 

C 2 = -3 + deg(Diff e (0)) = -3 + 5^ < 0, 

which implies a = 2 and T = 0. So for any general divisors D G T> and H G \D — E\, the 
intersection D H H is contained in the curve C in a set-theoretic sense. 

It should be pointed out that we used the following properties of the boundary Mx in 
the above arguments: M. does not have fixed components, the equivalence Mx ~q — Kx 
holds, and mult z(M x ) = 1. In particular, we did not use the fact that M. is not composed 
from a pencil. So we can repeat the previous arguments to any linear subsystem B C M. 
such that B does not have fixed components. Indeed, the equivalence 7*6 ~q —K x and the 
inequality mult 2(7*6) > 1 are obvious, and the proof of Theorem El implies the canonicity 
of the log pair (X, 7*6), which implies the equality multz(7*B) = 1. Therefore for any 
sufficiently general divisor B in any linear system B C Ai with no fixed components and 
a sufficiently general divisor H G \D — E\, the intersection B H f(H) is contained in the 
curve C in a set-theoretic sense. 

Let P be a sufficiently general point in X \ C, and B C V be a linear subsystem of 
divisors passing through the point P. Then B does not have fixed components, because 
the linear system A4 is not composed from a pencil. Let B be a general divisor in the 
linear system B, and if be a general divisor in \D — E\. Then the intersection B R f(H) 
contains the point P (jL C. Thus Bf]f(H) is not contained in the curve C in a set-theoretic 
sense, which is a contradiction. □ 

Lemma 86. The case ir(Z) C S and K\ ■ Z = 2 is impossible. 

Proof. Suppose that ir(Z) C S and K\ ■ Z = 2. Let us show that this assumption leads to 
a contradiction. The surface ir(Z) is a two-dimensional quadric in P 4 , which is contained 
in the sextic S, which implies that Z is invariant under the action of the group Z 3 on the 
variety X that interchanges the fibers of n, because ir(Z) C S. The Lefschetz theorem 
implies that the hypersurface S is singular. 

We reduce the problem to a smooth 3-fold. Let V C X be a sufficiently general divisor 
in the linear system | — Kx\, and r = 7r|y : V — > P 3 be the induced cyclic triple cover 
branched over the smooth hypersurface 

F = S n ir(V) C P 3 
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of degree 6. Put My = Mx\v- Then My is a movable boundary, the equivalence 

My ~ Q r*(0 F 3(l)) 

holds, and mvltc(My) = 1, where C = Z n V. The curve r(C) C F is a smooth conic. 
Let / : U -»• y be a blow up of C, and E = f~ l (C). Put M v = f~ l (M v ). Then 

where D = (to f)*(Ops(^-))- In the case when the divisor 2D — E is numerically effective, 
the explicit calculation of the intersection (2D — E) ■ My > leads to a contradiction 
in the same way as in the proof of Lemma [23 So we may assume that 2D — E is not 
numerically effective 

The base locus of \2D — E\ is contained in E, because \2D — E\ contains proper trans- 
forms of quadric cones in over the conic C. Therefore 2D — E is numerically effective 
if and only if it has non-negative intersection with the exceptional section of the ruled 
surface E. 

Let us show that (2D — E) ■ > 0, where is an exceptional section of the ruled 
surface E = F^, which concludes the proof. The curve C is smooth and C = P 1 . Hence 

Mc/v = F i(a) ©C?pi(6) 

for integers a and b such that b > a. Then k = b — a and the equalities 

a + b = deg(Afc/y) = 2g(C) - 2 - K v ■ C = -2 

and E 3 = — deg(Mc/v) = 2 holds. On the other hand, the smooth curve C is contained 
in the smooth surface F = r _1 (F). Thus the sequence of sheaves 

-> M C /F -> AT c/y -> A/> /y -> 

is exact, where A/^/f — Opi(— 6), because C 2 = —6 on the surface F = F by the 
adjunction formula. Hence a > —6. Let I C £ be a fiber of the projection /|^. Then 

-E\ E ~ Soo + rl 

for r = because the equalities 

2 = E 3 = (sqo + rl) 2 = —k + 2r, 

holds. So we have 

2 + A; 2 + A; 10 — A; 

(2D-E)' Soo = A-E-s 0O = A+(s 0O + —^-l)-s 0O = 4:-k+—^- = -^— = 6 + a > 0, 

which concludes the proof. □ 
Therefore Theorem IT5l is proved. 

7. The proof of Theorems [TH] and [201 

In this section we prove Theorems CHI and Effl Let vr : X -> P 2 " be a cyclic triple 
cover branched over a hypersurface 5 C P 2n of degree 3n such that n > 2, and the only 
singularities of 5* are isolated ordinary double and triple points. Namely, the projectiviza- 
tion of the tangent cone to the hypersurface S at any singular point P of S is a smooth 
hypersurface in p 2n_1 of degree multp(S') < 3. 

Remark 87. The proof of Lemma IHH1 implies that the groups Pic(X) and C1(X) are gen- 
erated by the divisor — K x , because the singularities of X are isolated. 
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Hence X is a Fano variety with terminal Q-factorial singularities. We must prove the 
following three results: 

• the variety X is birationally superrigid; 

• the variety X is not birationally equivalent to any Fano variety 
with canonical singularities that is not biregular to X; 

• if the variety X is birational to an elliptic fibration, then n = 2, 

the hypersurface S has a triple point O such that the elliptic fibration 
is induced by the projection 7 : P 4 ---> P 3 from the point O. 

Suppose that at least one of the above three claims is not true. Then there is a linear 
system Ai on the variety X that satisfies the following properties: 

• the linear system Ai does not have fixed components; 

• the set CS(X, \Ai) is not empty, where d E N such that Ai ~ —dKx', 

• the linear system Ai is not composed from a pencil; 

• in the case when n = 2, for any point O G S such that multo(S') = 3, 

the linear system Ai is not contained in the fibers of the rational map 7 o n, 
where 7 : P 4 — -> P 3 is a projection from the point O. 

The existence of Ai follows from Theorems EE1 and EH and the proof of Theorem EH 
Let us show that the linear system Ai does not exist. Let Z C X be a subvariety such 
that Z e CSpT, jAf). Then the proof of Theorems |^1 and [TKl implies that Z is a singular 
point of the variety X such that O = 7r(Z) is an ordinary triple point of S. 

Remark 88. The point Z is an ordinary triple point of the variety X. 

Let a : V — > X be a blow up of the point O, and -E 1 = a~ 1 (0). Then E is a smooth 
hypersurface of degree 3 in P 2n , and E\e ~ where if is a hyperplane section of the 
hypersurface E C P 2n . Moreover, the linear system 

is free and gives a morphism if) : V — > p 2n_1 such that ip = 'jonoa, where 7 : P 2 ™ --■» p 2 ™ -1 
is a projection from the point O. Let mult^(A^) be an integer number such that 

V ~ a*(-dK x ) - mult z (M)E, 

where D is a proper transform of the linear system M. on the variety V. Let C C V be a. 
sufficiently general curve in a fiber of ip. Then 

V-C = 3(d-mu\t z (M)) >0, 

and the equality T> ■ C = implies that X> is contained in the fibers of ip. On the other 
hand, the inequality multz(-M) > d holds when n > 2 and the inequality multz(-M) > d 
holds when n = 2 by Theorem |^ Hence n = 2 and the linear system Ai is contained 
in the fibers of the rational map 7 o 71, which contradicts to one of the properties of the 
linear system Ai. Thus both Theorems fT51 and I2UI are proved. 

8. Potential density. 

In this section we prove Theorem Let tc : X — > P 4 be a cyclic triple cover branched 
over a hypersurface S C P 4 of degree 6 such that the hypersurface S is defined over a 
number field F. Suppose that the hypersurface S has an ordinary triple point O, and the 
hypersurface S is smooth outside of the point O. Thus the equality mult 0(5) = 3 holds, 
and the projectivization of the tangent cone to the hypersurface S at the point O is a 
smooth cubic surface in P 3 . The point O is defined over the field F. 
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The variety X can be considered hyper surf ace 

V 3 = afoh(xi, ...,xa) + a%fi{xi, ...,x 4 ) + x f 5 (xi, . . . ,x 4 ) + f 6 {x u . . . ,x 4 ) 

in the weighted projective space P(l 5 ,2) = Proj(F[x , . • . , x 4 , y]), where /, is a homo- 
geneous polynomial of degree i. The cyclic triple cover tt : X — > P 4 is a restriction 
to the hypersurface X of the natural projection P(l 5 ,2) P 4 that is induced by the 
natural embedding of the graded algebras ¥[xq, . . . , x 4 ] C ¥[xq, . . . , x 4 , y]. Moreover, the 
hypersurface S C P 4 is given by the equation 

^0/3(^1, • • • , x 4 ) + XqU(x x , ...,x 4 ) + x f 5 (x u ...,0:4) + f e (x u ■ ■ ■ , x 4 ) = 0, 

where the coordinates of the singular point O are (1 : : • • • : 0). 

Remark 89. The equation fs(xx, . . . , x 4 ) = defines a smooth cubic surface in P 3 , which is 
a projectivization of the tangent cone to S at the point O. In particular, / 3 is irreducible. 

Suppose that X satisfies the following generality conditions: 

(1) f 4 is not divisible by ^3; 

(2) /| - 3/4/6 and fifi - 4/|/ 6 - 4/ 3 /| + I8/3/4/5/6 - 27/|/ 6 2 are coprime. 

Remark 90. The required generality conditions are satisfied in the case when the poly- 
nomial fi are chosen sufficiently general. The geometrical meaning of the generality 
conditions are the following: 

(1) a sufficiently general line L in P 4 that passes through the point O and that is 
contained in the tangent cone to the hypersurface S at the point O intersects the 
hypersurface S in two points that are different from 0\ 

(2) there is at most one-dimensional family of curves C C X such that the singular 
point P = 7r~ 1 (0) of the variety X is contained in the curve C and — Kx • C — 1. 

We use the methods of ^3], [EI]> ^H] to prove the following result implying Theorem [T9l 

Proposition 91. Under the generality conditions, the rational points on X are potentially 
dense 10 , namely, the set of all K-points of the variety X is Zariski dense in X for a finite 
extension of fields FcK. 

There are two ways of looking at the potential density of rational points. The optimistic 
point of view is the following: the potential density of rational points reflects the measure 
of how close a given variety to being rational. For example, the geometrical rationality 
obviously implies the potential density of rational points. From this point of view the 
claim of Theorem is very natural, as well as the fact that we are unable to prove 
the potential density of rational points on many many rationally connected nonrational 
varieties. For example, it is unknown whether rational points are potentially dense on 
the generic quintic hypersurface in P 5 or not (see |145j . |2*7j . [72]). The pessimistic point 
of view considers the potential density of rational points as a much weaker birational 
invariant. In particular, there is the following conjecture (see [H3])- 

Conjecture 92. Let V be a smooth variety such that V is defined over a number field, 
and —Ky is numerically effective. Then rational points on V are potentially dense. 

Therefore from the point of view of Conjecture 021 the claim of Proposition [^ is just 
an illustration of a general principle. It is known that Conjecture EH holds the following 
algebraic varieties: abelian varieties (see [58]). smooth Fano 3- folds except a double cover 

10 To be precise we must say that F-points are potentially dense on the variety X . 
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of P 3 ramified in a smooth sextic (see [Hj, |53j), smooth Enriques surfaces (see [E]), 
smooth elliptic K3 surfaces (see smooth K3 surfaces with an infinite group of auto- 
morphisms (see ^H]), some symmetric products (see 89j). Therefore rational points are 
potentially dense on many varieties that are not rationally connected. However, it is 
unknown whether rational points are potentially dense on a generic double cover of P 2 
branched over a smooth quartic curve or not (see [T4*|). 

Example 93. Let C be a smooth connected curve such that the curve C is defined over 
a number field, and g(C) > 2. Then rational points are not potentially dense on C x P fe 
by the Faltings theorem (see [SH], jSZj)- 

It is natural to expect that the potential density of rational points reflects such birational 
properties of an algebraic variety as rational connectedness. However, even in the case of 
a smooth conic bundle ( : V — > P n with sufficiently general and big discriminant it is not 
known whether rational points are potentially dense on V or not in the case n > 2, but 
it is known that the potential density of rational points on V is implied by the Schinzel 
conjecture for ( : V — ► P n (see [HI]). The variety V is nonrational (see [168] |169j ) and 
it is expected that V is not unirational. Perhaps, the potential density of rational points 
can be used to obtain an example of a rationally connected variety that is not unirational. 

An example in ^Tj implies the following generalization of Conjecture 19*21 

Conjecture 94. Let V be a smooth variety such that V is defined over a number field, and 
the divisor —Ky is not numerically effective. Then rational points on V are potentially 
dense if there is no unramified finite morphism f : U — > V such that there is a dominant 
rational map g : U — -> Z , where Z is a variety of general type of dimension dim(Z) > 0. 

It should be pointed out that both Conjectures IH21 and are logical negation of the 
following weak Lang conjecture, which is proved only for curves and subvarieties of abelian 
varieties (see (UHl, jHZ], EE])- 

Conjecture 95. Let V be a smooth variety of general type such that the variety V is 
defined over a number field. Then rational points on V are not potentially dense. 

The claim of Theorem EH must remain valid without any generality conditions. More- 
over, in non-general case the proof of the potential density of rational points must be 
easier than in general case. The same can be said about the singularities. Namely, the 
proof of the potential density of rational points must become easier when the singularities 
become worse. However, there are exceptional extreme cases. 

Example 96. Let % : F — > P 4 be a cyclic triple cover branched over a hypersurface G of 
degree 6 such that G is a union of 6 different hyperplanes defined over a number field F 
and passing through some two-dimensional linear subspace IIcP 4 . Then Y is birational 
to the product C x P 3 , where C is a cyclic triple cover of P 1 branched over 6 points, which 
are defined over the field F. Then rational points on the variety Y are not potentially 
dense, because g(C) = 4 (see Example l9~3Jl . 

Let us prove Proposition |HU The following result is due to [134] . 

Theorem 97. Let ¥ be a number field. Then there is n(¥) e N such that n(W) depends 
only on the field W, and the order of any torsion F '-point on any elliptic curve C is bounded 
by n(¥), where C is defined over¥. 
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Let P = 7r _1 (0). Then P is an ordinary triple point on X. Let a : U — > V be a blow 
up of P, and E be an exceptional divisor of a. Then — Ky ~ a*(— — P ; the linear 
system | — Kjj\ has no base points. Let 

$ : U -> P 3 

be a morphism that is given by | — Then -0 is an elliptic fibration such that E is a 
three-section of t/>, and ip = 7 o tt, where 7 : P 4 ---> P 3 is a projection from the point O. 

Remark 98. The variety E is a smooth cubic hypersurface in P 4 . The cubic E is not 
rational over C (see jlH]), but E is unirational over C (see In particular, rational 

points on the variety E are potentially dense. 

Let D be an intersection of two general divisors in | —Kjj\. Then D is a smooth elliptic 
surface. The restriction t = ip\£> : D — > P 1 is a canonical morphism of the suraface D, 
namely, the equivalence K v ~ r*(Cpi(l)) holds. The curve Z = EnD is a smooth elliptic 
curve, and the restriction r\z '■ Z — > P 1 is a cyclic triple cover branched over three points. 

Remark 99. The proper transform on the variety V of every irreducible component of 
any reducible fiber of the fibration r is a rational curve whose intersection with the 
anticanonical divisor — Kx is equal to 1. The generality conditions implies that there is no 
more than one- dimensional family of such curves on V . On the other hand, the generality 
in the choice of the surface D in the fibers of ip and the equality codim(P C U) = 2 imply 
that all fibers of the fibration r are irreducible. 

Let Fx, F 2 , F 3 be fibers of r that pass through the ramification points of the triple 
cover t\ Z - Then F, 7^ Fj if i ^ j, because X satisfies the generality conditions and the 
cubic 3-fold E is smooth. 

Remark 100. The surface 7r o a(D) = U C P 4 is a sufficiently general two-dimensional 
linear subspace passing through the point O. The curve iroa(Fi) C II is one of three curves 
that are cut on the plane II by the equation ^3 = 0. The line 7roa(Fi) is different from the 
lines that are cut on IT by the equation / 4 = 0. Indeed, the plane II is sufficiently general, 
but the polynomial / 4 is not divisible by the polynomial ^3 by assumption. Therefore the 
fiber Fi is smooth in the point of intersection with the curve Z. 

The restriction morphism a\o contracts the elliptic curve Z into the point P. The self- 
intersection of the curve Z on the surface D is —3. The restriction ir\ a (D) is a cyclic triple 
cover of the plane II branched over a singular curve II fl S of degree 6 whose singularities 
consist of the point, which is an ordinary triple point on the curve II fl S. 

Let H C D be a curve that is cut on the surface D by a sufficiently general divisor in 
the linear system \a*(—Kx)\- The curve H is smooth, the curve if is a three-section of 
the elliptic fibration r, the equality g(H) = 4 holds. Moreover, the curve tt o a(H) C II 
is a line. Let C& be a fiber of the elliptic fibration r : D — » P 1 over a point 6 G P 1 . Then 

H 2 = 3, H ■ Z = Cl = 0, Z 2 = -3, Z ■ C b = H ■ C b = 

on the surface D. 

Lemma 101. For a very general C-point b G P 1 the equivalence 

3np — nH\ Cb 7^ 

holds in Pic(Cb) for every n£N, where p is one of the points of Z fl Cb- 
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Proof. Let T = Z x P i D be a fiber product and 

be an induced morphism. Then \ : T — > D is a cyclic triple cover branched over the 
curves Fi, F 2 , F 3 . In particular, the surface T is singualr if and only if some fiber Fi is 
singular. However, the possible singularities of the surface T are easy to calculate in the 
case when we know the type of the singular fiber Fi of the elliptic fibration r (see I 

The surface T is normal, and there is a well defined intersection form of Weil divisors 
on the surface T (see |166j ). 

The fibration r induces an elliptic fibration rj : T —>■ Z such that rj is a Jacobian fibration 
of the fibration r. Indeed, the curve x _1 (Z) splits into three irreducible components, which 
are interchanged by the action of the group Z 3 on the surface T that interchanges the 
fibers of x- Let Z be a component of the reducible curve x _1 (Z). Then Z is a section of 
the fibration 77, and x| jj is an isomorphism. 

Let H = \ 1 {H) and L be a fiber of the fibration 77. Then the equalities 

H 2 = 9, H ■ Z = L 2 = 0, Z ■ L = 1, H ■ L = 3 

hold on the surface T. The curve Z is smooth and Z C T \ Sing(T), because the point of 
intersection Fi n Z is smooth on the fiber Fj (see Remark 1 100}) . 

The self- intersection Z 2 on T can be calculated via the adjunction formula, namely, we 
have Z 2 = —9, because Kt = 9L. 

It should be pointed out that in the case when the curve Z passes through the singular 
points of the surface T the self-intersection Z 2 can be calculated using the sub-adjunction 
formula with an appropriate different (see |119j ). which can be explicitly calculated for 
every type of singular point. 

For every n e N we have 

3np — nH\c b ~ <^=^> (3nZ — nH)\L a ~ =>• 3nZ — nH = S, 

where C& - is a fiber of r over a very general C-point b 6 P 1 , p is one of the intersection 
points Z H C*b, L a is a fiber of rj over a very general C-point a 6 Z, and S is a divisor on 
the surface T such that Supp(S) is a union of the fibers of the elliptic fibration rj. 

Note, that all fibers of rj are irreducible, because all fibers of r are irreducible. 

Suppose that the claim of the lemma is not true. Then the curves Z, H, L are linearly 
dependent in the group Div(T) eg) Q/ =. However, the determinant of the matrix 

Z 2 H-Z L-Z\ /-9 0l\ 
Z ■ H H 2 L ■ H = 9 3 
Z -L H -L L? j \ 1 30/ 

is 72 7^ 0, which contradicts to the linear dependence of the curves Z, H, L. □ 

Now let us go from the surface D back to the variety U . The generality in the choice 
of the surface D and Lemma 11011 imply that 

3np + a*(nK x )\ Lp ^0 

in Pic(Lp) for a very general C-point p G E and all n G N, where L p is a fiber of the 
fibration ip : U —>■ P 3 over the point p. 

For every n G N let $ n C E be a subset that is defined by the condition 

pE® n 3np ~ a*(-nK x )\ Lp 
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in Pic(Lp), where L p is a fiber of the elliptic fibration ip over the point ip{p) such that the 
fiber L p is smooth in a scheme-theoretic sense. Let $ n C E be a closure of the set $ n in 
the Zariski topology. Then $ n 7^ E for every n£N. 

Remark 102. The set ^yu^r, 1 ^ does not contain F-points of the divisor E for all natural 
numbers n > n(¥) by Theorem IU71 

The rational points are potentially dense on the divisor E (see Remark I98|). Thus we 
can substitute F by its finite extension and assume that F-points of E are Zariski dense. 
Take an F-point 

where A is a Zariski closed subset of the divisor E consisting of points that are contained 
in the singular fibers of the elliptic fibration ip. Let as before L q be a fiber of ip over the 
point ip{q). Then L q and ip{q) are defined over F. Moreover, the curve L q is smooth. 

By construction, the divisor 3q + a*(Kx)\h q is defined over the field F and it is not a 
torsion in Pic(L g ). Therefore for any n6N there is a unique F-point q n G such that 

q n + (3n - l)q + a*{nK x )\ Lq ~ 

in Pic(L g ) by the Riemann-Roch theorem. 

We have 7^ qj if z 7^ j. Hence the curve L q is contained in the closure of all F-points 
of the variety U in the Zariski topology for every F-point q in a Zariski dense subset of 
the divisor E. Thus rational points are dense on the varieties U and X. It should be 
pointed out that at certain point we substitute the field F by some its finite extension in 
order to get the density of F-points on the divisor E. Hence Proposition I§T1 is proved. 

During the proof of Proposition |M] we noticed that the surface T is smooth if and only 
if each fiber Fi of the elliptic fibration r is smooth. It is natural to expect that the this is 
true for a sufficiently general X. Indeed, the smoothness of the fiber Fi is implied by the 
fact that the line 7r o a(Fi) intersects the ramification hypersurface S in three different 
points, one of which is the point O. The latter condition can be easily expressed in terms 
of the discriminant of the corresponding equation. Namely, it is enough to require that 
the polynomials f± and /| — 4/ 4 / 6 are not divisible by the irreducible polynomial f^. 

Suppose that the polynomials / 4 and /f — 4/ 4 / 6 are not divisible by the irreducible 
polynomial f%. Then the divisor E is a three-section of the elliptic fibration ip such that 
there is a smooth fiber C of ip passing through one of the ramification points of the 
restriction triple cover i(j\e- In the notations of the papers jTH] and jHj such multi-section 
is called saliently ramified. 

Let Cb be a fiber of ip over a very general point b e P 3 , px and P2 be two different points 
of Cft fl E. Then pi — p 2 is not a torsion divisor on C^. Indeed, otherwise the torsion 
divisor p\ —p 2 goes to a trivial divisor on C when we Cf, — > C. This arguments can easily 
be put in algebraic form (see ^31)- Now we can prove the potential density of the rational 
points on X in the same way as in the proof of Proposition |^ the only difference is the 
following: we must generate F-points in the fibers of ip acting by the Jacobian fibration 
of ijj without the usage the Riemann-Roch theorem (see [T5]). 
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